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Resumen y Motivaciones
La gran mayor´ıa de procesos f´ısicos fundamentales pueden describirse a trave´s de
unas pocas “piezas de contruccio´n”: las part´ıculas elementales, cuyas interacciones
esta´n gobernadas por cuatro fuerzas. El Modelo Esta´ndar de F´ısica de Part´ıculas
(SM) es el marco teo´rico que describe estas part´ıculas elementales y tres de las cuatro
fuerzas. Las tres fuerzas fundamentales descritas por el SM son el electromagnetismo,
la fuerza de´bil y la fuerza fuerte. La gravedad, la ma´s de´bil de las cuatro fuerzas,
no esta´ descrita por el SM. Desarrollado a principios de los an˜os 70 [1–5], el SM ha
predicho una amplia variedad de feno´menos que han sido testados experimentalmente
hasta una incre´ıble precisio´n de 10−8.
La u´ltima pieza del SM en ser esclarecida ha sido el mecanismo que esta´ detra´s
del origen de las masas de los bosones de gauge Z y W± que median las interac-
ciones de´biles, as´ı como las masas de la mayor´ıa de constituyentes elementales del
SM. El mecanismo de ruptura de la simetr´ıa electrode´bil (EWSB) tambie´n cono-
cido como mecanismo de Higgs [6–8] proporciona un marco consistente para explicar
dichas masas observadas emp´ıricamente. El mecanismo de Higgs tambie´n predice la
existencia de una part´ıcula escalar, el denominado boso´n de Higgs, que finalmente
fue descubierto en 2012 por los experimentos de ATLAS [9] y CMS [10] del Gran
Colisionador de Hadrones (LHC) en el CERN.
Sin embargo, todav´ıa hay algunos problemas que no se explican con el SM
y que representan nuestra mejor ventana hacia una teor´ıa ma´s fundamental de la
Naturaleza. Uno de estos problemas sin resolver, que implica que el contenido de
part´ıculas del SM esta´ incompleto, es la evidencia de Materia Oscura (DM). Varias
observaciones tales como las lentes gravitacionales, las curvas de rotac´ıon de gala-
xias, o las medidas del Fondo Co´smico de Microondas (CMB) por WMAP [11] y
Planck [12] apuntan hacia la existencia de una nueva especie de materia no bario´nica
en el SM.
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La asimet´ıa bario´nica observada en el Universo (BAU) [12] es otra evidencia de
la existencia de una teor´ıa fundamental subyacente ma´s alla´ del SM. Esta asimetr´ıa
entre materia y antimateria podr´ıa haber sido generada dina´micamente en el Universo
primitivo a trave´s de procesos que violan el nu´mero bario´nico B. Este feno´meno se
conoce como barioge´nesis [13]. Las condiciones de Sakharov [14] necesarias para crear
la asimetr´ıa bario´nica son: interacciones que violen B, violacio´n de las simetr´ıas C
y CP , y desviacio´n del equilibrio te´rmico. Sin embargo, el SM por s´ı mismo no
produce la suficiente violacio´n de CP necesaria para explicar la asimetr´ıa bario´nica
observada [15], y la transicio´n de fase EW no es suficientemente fuerte como para
barioge´nesis EW [16].
Finalmente, los experimentos con neutrinos solares [17–34], con neutrinos at-
mosfe´ricos [35–45], con neutrinos producidos en reactores [46–50], y con neutrinos
producidos en aceleradores y detectados a largas distancia [51–59], indican que el
cambio de sabor neutr´ınico a trave´s del feno´meno de oscilacio´n de neutrinos, esta´
causado por masas de neutrinos no nulas y mezcla lepto´nica. Las evidencias experi-
mentales muestran que, al menos, dos de los autoestados de masa de los neutrinos
tienen que ser masivos y no degenerados. Sin embargo, el SM no puede explicar estas
masas a trave´s del mecanismo de Higgs debido a que los neutrinos dextro´giros no
forman parte de su contenido de part´ıculas. Adema´s, la pequen˜ez de la masa de los
neutrinos hace que el origen del patro´n de las masas y mezclas de todos los fermiones
sea au´n ma´s fascinante. En el SM, los quarks y leptones cargados obtienen sus masas
a trave´s de las interacciones de Yukawa con el boso´n de Higgs. Por lo tanto, los co-
rrespondientes acoplos de Yukawa son “nu´meros fijados” de forma que reproduzcan
las masas de las part´ıculas medidas. Estos nu´meros van desde ∼ O(10−6) para el
Yukawa del electro´n (o ∼ O(10−12) si los neutrinos son part´ıculas de Dirac) hasta
∼ O(1) para el Yukawa del top. Hoy en d´ıa, no se ha encontrado una explicacio´n
teo´rica para esta distribucio´n de Yukawas ni para el sorprendente desigual patro´n
de la mezcla de quarks y leptones. A este problema se le refiere comu´nmente como
rompecabezas del sabor.
Es ma´s, la existencia de Nueva F´ısica acarrea otro problema teo´rico, la ines-
tabilidad de la masa del boso´n de Higgs bajo correcciones radiativas de la posible
Nueva F´ısica a una escala de energ´ıas Λ grande, conocido como problema de las
jerarqu´ıas [60]. Debido a que e´stas correcciones a la masa escalar M2h van con Λ
2, la
masa del boso´n de Higgs podr´ıa obtener correcciones radiativas enormes si la escala
de la Nueva F´ısica esta´ considerablemente por encima de la escala electrode´bil (EW).
Por ello, con el fin de reproducir el valor de Mh ∼ 126 GeV medido, se requiere una
9cancelacio´n muy precisa entre el valor de la masa a nivel a´rbol y las contribuciones
de los loops. Otros problemas teo´ricos que surgen del SM incluyen el problema CP
fuerte, la Energ´ıa Oscura o Unificacio´n, y que tambie´n dan a entender la existencia
de una teo´rica subyacente ma´s fundamental.
Actualmente hay un gran esfuerzo disen˜ando y construyendo experimentos de
f´ısica de part´ıculas de alta tecnolog´ıa para bu´squeda de Nueva F´ısica en las dos posi-
bles fronteras. Los experimentos en la Frontera de Energ´ıa exploran las part´ıculas
elementales en colisionadores. Los experimentos de ATLAS y CMS esta´n poniendo
las cotas a bu´squedas directas ma´s actualizadas con las colisiones proto´n-proto´n a√
s = 14 TeV en el LHC. Los experimentos en la Frontera de Intensidad o Pre-
cisio´n usan haces de part´ıculas muy intensos y detectores de sensitividad muy alta
para explorar part´ıculas que interaccionan poco, procesos que violan sabor lepto´nico
(LFV), as´ı como violacio´n de CP en los sectores de quarks y leptones. Los experi-
mentos de oscilaciones de neutrinos como NOνA, IceCube y T2K, los experimentos
de deteccio´n de DM como XENON1T, LUX, CDMS, o los experimentos de sabor
tales como LHCb, Belle, MEG or Mu2e obtienen actualmente las medidas de mayor
precisio´n de los distintos procesos.
De entre los problemas sin resolver del SM, las u´nicas evidencias experimentales
de Nueva F´ısica que existen son las masas de los neutrinos distintas de cero, la
observada BAU, y la existencia de DM que el SM no puede acomodar. En concreto,
esta tesis se centrara´ en ciertas consecuencias fenomenolo´gicas de las extensiones del
SM capaces de explicar las masas de los neutrinos y las mezclas observadas, con el
fin de probar su existencia.
Debido a que el SM fue formulado con el contenido mı´nimo de part´ıculas para
explicar los feno´menos observados, y a que para entonces no hab´ıa evidencias expe-
rimentales de la existencia de masas para los neutrinos, no se incluyeron neutrinos
dextro´giros (ni ninguna otra posible part´ıcula extra necesaria para generar las masas
de los neutrinos). Consecuentemente, el contenido de part´ıculas del SM debe ser
ampliado. Varias extensiones del SM capaces de explicar las masas de los neutrinos,
requieren la incorporacio´n de neutrinos dextro´giros. En estas extensiones, los neu-
trinos adquieren masas de Dirac despue´s de la EWSB v´ıa interacciones de Yukawa
con el boso´n de Higgs. Sin embargo, el patro´n de masas de neutrinos observado
experimentalmente, pone una cota a estos acoplos de Yukawa ∼ O(10−12). Esta
supresio´n forzada de los acoplos de Yukawa de los neutrinos, comparada con aque-
llos del resto de fermiones del SM, sugiere que el mecanismo detra´s del origen de la
masa de los neutrinos sea distinto al mecanismo de Higgs. Adema´s, como los neu-
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trinos dextro´giros son singletes bajo todo el grupo de simetr´ıa de gauge del SM; un
te´rmino de masa Majorana para estos fermiones esta´ permitido en el Lagrangiano.
Debido a que esta nueva escala no esta´ relacionada con el mecanismo de Higgs, ni
con ninguna otra escala fundamental del SM, podr´ıa ser mucho ma´s grande que la
escala EW. En concreto, si la escala de Majorana es suficientemente alta, entonces
la pequen˜ez de las masas observadas de los neutrinos se vuelve natural, debido a la
supresio´n de esta escala de masa de Majorana tan grande, en el denominado meca-
nismo del Seesaw [61–77]. En el SM ampliado con so´lo tres neutrinos masivos, la
matriz de mezcla que relaciona los autoestados de masa y de sabor, y que explica la
oscilacio´n de neutrinos, se denomina matriz de Pontecorvo-Maki-Nakagawa-Sakata
(PMNS). La matriz PMNS es por lo tanto la matriz de mezcla lepto´nica que aparece
en las interacciones de corrientes cargadas (CC), en analog´ıa a la matriz de mezcla
de Cabibbo-Kobayashi-Maskawa (CKM) del sector de los quarks. Otra consecuencia
de aumentar el contenido de neutrinos con neutrinos de Majorana es que la matriz
de mezcla es ampliada. Como consecuencia, el sub-bloque 3 × 3 de la matriz de
mezcla que corresponde a la mezcla de los neutrinos levo´giros, el cual interviene en
las interacciones de CC, deja de ser unitaria. Por lo tanto, estas desviaciones de la
unitariedad de la matriz de mezcla lepto´nica pueden usarse para testar la mezcla de
los neutrinos pesados.
En la presente tesis se ha estudiado la no unitariedad de la matriz de mezcla
leptonica despue´s de incluir neutrinos dextro´giros adicionales, con el fin de explicar
las masas observadas de los neutrinos. Se ha derivado el conjunto de cotas ma´s ri-
guroso, actualizado, y general sobre la mezcla de los neutrinos pesados (con masas
por encima de la escala EW) del Seesaw con los leptones cargados a trave´s de un
ajuste global a los datos actuales de medidas de sabor y medidas de preciso´n elec-
trode´biles. Dos escenarios distintos han sido explorados y comparados: un escenario
completamente general donde un nu´mero arbitrario de neutrinos dextro´giros pesados
son tratados desde la teor´ıa efectiva, sin ninguna otra suposicio´n, y otro escenario
ma´s constren˜ido en el cual so´lo son considerados tres estados pesados adicionales.
Las suposiciones del segundo escenario implican correlaciones no triviales con el fin
de reproducir el patron de masas y mezclas observado en experimentos de oscila-
ciones de neutrinos. El conjunto de procesos relevantes analizados en el ajuste global
incluye: bu´squedas de desintegraciones con LFV, test de universalidad de interaccio-
nes de´biles, cotas de unitariedad de la CKM, y medidas de precisio´n electrode´biles.
En concreto, se ha realizado un estudio exhaustivo y comparativo de la sensitividad
actual y futura de los diferentes experimentos de bu´squeda de desintegraciones con
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Adema´s, las part´ıculas pesadas con acoplos de Yukawa grandes pueden inducir
correcciones radiativas relevantes. Por ello, se ha estudiado la importancia de las
correcciones de orden superior, que vienen de los loops de neutrinos dextre´giros,
cuando se derivan las cotas de su mezcla con los estados ligeros. Para el ana´lisis
se ha elegido el escenario con tres singletes pesados adicionales y con una simetr´ıa
B−L aproximada. Las expresiones a 1-loop de los observables dominantes usados en
el ajuste global han sido calculadas y normalizadas. Todas la amplitudes a 1-loop y
los contrate´rminos necesarios para su renormalizacio´n han sido calculados para esta
tesis. Se ha abordado la posible cancelacio´n entre las correcciones a nivel loop y las
contribuciones a nivel a´rbol a la no unitariedad de la matriz de mezcla lepto´nica, y se
ha discutido el impacto en las cotas derivadas a trave´s del ajuste global tras incluir
dichas correcciones.
Finalmente, se ha estudiado el impacto en las probabilidades de oscilacio´n de los
neutrinos cuando el SM es extendido con neutrinos dextro´giros. Las manifestaciones
fenomenolo´gicas de estas extensiones son distintas dependiendo de si los neutrinos
adicionales son accesibles cinema´ticamente o no. Como resultado, se han abordado
dos escenarios distintos, con neutrinos dextro´giros ligeros (por debajo de la masa del
pi) y con neutrinos pesados (por encima de la masa del pi), respectivamente. Se han
explorado las diferencias y similitudes entre el impacto en la bu´squeda de oscilaciones
de neutrinos de los dos escenarios, y ambos l´ımites han sido descritos en el pra´ctico
lenguaje de las interacciones no esta´ndar (NSI). Para finalizar, se han comparado las
cotas de los dos escenarios con las sensitividades esperadas en un experimento futuro
de oscilacio´n de neutrinos, tomando la propuesta de DUNE como punto de referencia
para la discusio´n. Para neutrinos por encima de la escala EW, las cotas derivadas en
la primera parte de esta tesis aplican; y por lo tanto, el impacto de estos neutrinos
pesados adicionales en experimentos de oscilaciones queda limitado.
Esta tesis se organiza de la siguiente manera. En el Cap´ıtulo 1 se introduce
el SM. Tambie´n se discute el feno´meno de oscilacio´n de neutrinos, y por que´ su
descubrimiento implica la existencia de neutrinos masivos no degenerados y mezcla
lepto´nica no nula. Finalmente, se hace un resumen de las extensiones del SM capaces
de acomodar las masas de los neutrinos, con especial e´nfasis en el Seesaw Tipo I. Los
siguientes cap´ıtulos contienen el trabajo principal de esta tesis, el cual esta´ basado en
los resultados publicados en los art´ıculos [78], [79], y [80]. En el Cap´ıtulo 2, se realiza
el ajuste global a los datos actuales de medidas de sabor y medidas de precisio´n elec-
trode´biles, y se derivan las cotas generales a la no unitariedad de la matriz de mezcla
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lepto´nica. En el Cap´ıtulo 3, se estudia la importancia de las correcciones a 1-loop de
los neutrinos dextro´giros pesados cuando se derivan las cotas a su mezcla a trave´s de
un ajuste global. En el Cap´ıtulo 4 se estudia el impacto en las bu´squedas de oscila-
ciones de neutrinos cuando el SM es extendido con neutrinos dextro´giros, tomando
para el ana´lisis la propuesta de DUNE como punto de referencia. Finalmente, el
capitulo Conclusiones y Perspectivas resume las conclusiones ma´s importantes del
presente trabajo. Tambin se resaltan las contribuciones de esta tesis a la situacio´n
actual del a´rea de investigacio´n, y se presenta una discusio´n sobre co´mo arrojar luz
sobre los actuales problemas sin resolver del SM, y por lo tanto co´mo progresar en
la comprensio´n de la teor´ıa fundamental subyacente ma´s alla´ del SM.
Overview and Motivations
Most fundamental physical processes can be described though a few building blocks:
the elementary particles, whose interactions are governed by four forces. The Stan-
dard Model of Particle Physics (SM) is the theoretical framework that describes
these elementary particles and three of the four forces. The three fundamental forces
accounted for by the SM are electromagnetism, the weak and the strong forces.
Gravity, the weakest of the four forces, is not described by the SM. Developed in the
early 1970s [1–5], the SM has predicted a wide variety of phenomena that have been
tested experimentally to an incredible precision of 10−8.
The last piece of the SM to be clarified was the mechanism behind the origin
of the observed masses of the Z and W± gauge bosons that mediate the weak in-
teractions, as well as the masses for most of the elementary constituents of the SM.
The mechanism of electroweak symmetry breaking (EWSB) also known as the Higgs
mechanism [6–8] provides a consistent framework to explain these masses. It also
predicted the existence of a physical scalar particle, the so-called Higgs boson, that
was finally discovered in 2012 by the Large Hadron Collider (LHC) ATLAS [9] and
CMS [10] experiments at CERN.
Nevertheless, there are still some open problems which are not explained by the
SM and that represent our best window to a more fundamental theory of Nature. One
of these problems, which implies that the SM particle content is incomplete, is the
evidence for Dark Matter (DM). Several observations such as gravitational lensing,
rotation curves of galaxies or measurements of the Cosmic Microwave Background
(CMB) by WMAP [11] and Planck [12] point to the existence of a new species of
non-baryonic matter not presented in the SM.
The observed baryon asymmetry of the Universe (BAU) [12] is another evidence
of a more fundamental underlying theory beyond the SM. This matter-antimatter
asymmetry could be dynamically generated in the early Universe via processes that
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violate baryon number B. This phenomenon is known as baryogenesis [13]. The
necessary Sakharov conditions [14] to create the baryon asymmetry are: B−violating
interactions, violation of the C and CP symmetries, and departure from thermal
equilibrium. However, the SM itself does not provide the sufficient CP violation as
to explain the observed baryon asymmetry [15], and the EW phase transition is not
strong enough for EW baryogenesis [16].
Finally, experiments with solar [17–34], atmospheric [35–45], reactor [46–50],
and long-baseline accelerator [51–59] neutrinos indicate that neutrino flavor change
through the neutrino oscillation phenomenon is caused by non-zero neutrino masses
and lepton mixings. The experimental evidences show that at least two of the three
neutrino mass eigenstates have to be massive and non-degenerate. However, the SM
cannot account for these masses through the Higgs mechanism since right-handed
neutrinos are not included in its particle content. Moreover, the smallness of neutrino
masses makes the origin of the pattern of all fermion masses and mixings even more
intriguing. In the SM, quarks and charged leptons obtain their masses trough the
Yukawa interaction with the Higgs boson. Therefore, the corresponding Yukawa
couplings are “fixed numbers” tuned so as to reproduce the measured masses of
the particles. These numbers range from ∼ O(10−6) for the electron Yukawa (or ∼
O(10−12) if neutrinos are Dirac particles) to ∼ O(1) for the top Yukawa. Nowadays,
no theoretical explanation is found for these Yukawa ordering nor for the strikingly
dissimilar pattern of quark and lepton mixings. This problem is commonly dubbed
flavor puzzle.
Furthermore, the existence of New Physics carries another theoretical problem,
the instability of the mass of the Higgs boson under radiative corrections from pos-
sible New Physics at a high energy scale Λ, known as the hierarchy problem [60].
Since these corrections to the scalar mass M2h go with Λ
2, the mass of the Higgs
boson would get huge radiative corrections if the scale of New Physics is significantly
above the electroweak (EW) scale. Therefore, in order to reproduce the measured
Mh ∼ 126 GeV, a fine-tuned cancellation between the tree level mass and the loop
contributions is required. Other theoretical problems that arise from the SM in-
clude the strong CP , Dark Energy or Unification, and also hint to the existence of
a underlying more fundamental theory.
Nowadays, there is a huge effort designing and building high-technology particle
physics experiments to look for New Physics at the two possible frontiers. Exper-
iments at the Energy Frontier explore elementary particles at colliders. ATLAS
and CMS experiments are setting the most updated bounds on direct searches with
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s = 14 TeV proton-proton collisions at LHC. The Intensity or Precision Frontier
experiments use very intense particle beams and highly sensitive detectors to explore
rarely interacting particles, lepton flavor violating (LFV) processes, as well as CP
violation in the lepton and quark sectors. Neutrino oscillation experiments such as
NOνA, IceCube and T2K, DM detection experiments like XENON1T, LUX, CDMS,
or flavor experiments such as LHCb, Belle, MEG or Mu2e set the most precise mea-
surements of the different processes.
Among the SM open problems, the only existing experimental evidences for
New Physics are the non-zero neutrino masses, the observed BAU, and the exis-
tence of DM that the SM cannot accommodate. In particular, this thesis will focus
on certain phenomenological consequences from SM extensions able to explain the
observed neutrino masses and mixings, so as to probe for their existence.
Since the SM was formulated with a minimum content of particles to account
for the observed phenomena, and no experimental evidence of neutrino masses ex-
isted at the time of its formulation, right-handed neutrinos (nor other possible extra
particle necessary to generate neutrino masses) were included. Consequently, the SM
particle content must be extended. Several extensions of the SM to account for neu-
trino masses require the addition of right-handed neutrinos. In these extensions, the
neutrinos acquire Dirac masses after EWSB through the Yukawa interaction with
the Higgs boson. However, the observed experimental pattern of neutrino masses
sets a bound on these Yukawa couplings ∼ O(10−12). This unnatural suppression of
the neutrino Yukawa couplings compared to the ones of other fermions of the SM
suggests a different mechanism behind the origin of neutrino masses, different from
the Higgs mechanism. In addition, since right-handed neutrinos are singlets under
all the SM gauge symmetry, a Majorana mass term for these fermions is therefore
allowed in the Lagrangian. Since this new mass scale is not related to the Higgs
mechanism, nor to any other fundamental scale of the SM, it could be much larger
than the EW scale. In particular, if the Majorana mass is sufficiently large, then the
smallness of the observed neutrino masses becomes natural, due to the suppression
of this large Majorana mass scale, in the so-called Seesaw mechanism [61–77]. In
the SM extended with just three massive neutrinos, the unitary mixing matrix that
relates the flavour and mass eigenstates, and which accounts for neutrino oscillations,
is called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix. This PMNS matrix is
therefore the lepton mixing matrix that appears in the charged current (CC) inter-
actions in analogy to the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix of the
quark sector. Another consequence of enlarging the neutrino content with Majorana
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neutrinos is that the mixing matrix is enlarged. And as a result, the 3× 3 sub-block
of the mixing matrix that corresponds to the left-handed lepton mixing, and which
is involved in the CC interactions, is not longer unitary. Therefore, these deviations
from unitarity of the leptonic mixing matrix can be used to probe for the heavy
neutrino mixing.
In the present thesis, the non-unitarity of the leptonic mixing matrix upon
inclusion of extra right-handed neutrinos in order to explain the observed neutrino
masses has been studied. The most stringent, updated and general set of constraints
on the mixing of the heavy Seesaw neutrinos (with masses above the EW scale) to the
charged leptons has been derived from a global fit to present flavor and electroweak
precision data. Two different scenarios are explored and compared: a completely
general scenario where an arbitrary number of heavy right-handed neutrinos are
integrated out without any further assumption, and a more constrained scenario
where only 3 additional heavy states are considered. The assumptions of the second
scenario imply non-trivial correlations in order to reproduce the observed pattern of
neutrino masses and mixings in neutrino oscillation experiments. The relevant set of
processes analyzed in the global fit includes: searches for LFV decays, probes of the
universality of weak interactions, CKM unitarity bounds and electroweak precision
data. In particular, a comparative and detailed study of the present and future
sensitivity of the different LFV experiments has been performed.
Moreover, heavy particles with large Yukawa couplings can induce sizable ra-
diative corrections. Therefore, the importance of higher order corrections from right-
handed neutrino loops when deriving bounds on their mixing with the light active
states has been studied. The scenario of 3 additional heavy singlets with an approxi-
mate B−L symmetry has been chosen for the analysis. The 1-loop expressions of the
dominant observables used for the global fit have been computed and renormalized.
All the 1-loop amplitudes and the necessary counterterms for the renormalization
have been derived for this thesis. The possible cancellation between the loop-level
corrections and the tree-level contributions to the non-unitarity of the leptonic mix-
ing matrix has been addressed, and the impact on the bounds derived through the
global fit upon their inclusion has been discussed.
Finally, the impact on neutrino oscillation probabilities when the SM is ex-
tended with right-handed neutrinos has been studied. The phenomenological man-
ifestation of these extensions is different depending in whether the extra neutrinos
are kinematically accesible or not. As a result, two different scenarios with light
(bellow the pi mass) and heavy (above the pi mass) right-handed neutrinos respec-
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tively have been addressed. The differences and similitudes between the impact of
the two scenarios at neutrino oscillation searches have been explored, and both lim-
its have been described in the practical language of non-standard interactions (NSI).
To conclude, the bounds of both scenarios have been compared with the expected
sensitivities of a future neutrino oscillation experiment, taking the DUNE proposal
as a benchmark for the discussion. For neutrinos above the EW scale, the bunds
derived in the first part of this thesis apply, and thus limit the impact of these extra
neutrinos at oscillation experiments.
The thesis is organized as follows. In Chapter 1 the SM is introduced. The
neutrino oscillation phenomenon is also discussed, and why its discovery implies the
existence of non-degenerate neutrino masses and non-zero lepton mixing. Finally, ex-
tensions of the SM able to accommodate neutrino masses are outlined with emphasis
in the Type-I Seesaw. The following chapters contain the central work of this thesis
which is based on the results published in the articles [78], [79] and [80]. In Chap-
ter 2 the global fit to present flavor and electroweak precision data is performed, and
the general bounds to the non-unitarity of the leptonic mixing matrix are derived.
In Chapter 3 the importance of the 1-loop heavy right-handed neutrino corrections
when deriving bounds on their mixing trough a global fit is studied. In Chapter 4 the
impact on neutrino oscillation searches when the SM is extended with right-handed
neutrinos is studied taking the DUNE proposal as a benchmark for the analysis. Fi-
nally, the chapter Conclusions and Outlook summarizes the main conclusions of the
present work. The contributions of this thesis to the present situation of the field are
highlighted and a discussion on how to shed light on the present open problems of
the SM and thus progress in the understanding of an underlying fundamental theory
beyond are presented.
18 OVERVIEW & MOTIVATIONS
Chapter 1
The Standard Model and its
limitations
The SM [1–5] is based in the gauge group SU(3)c × SU(2)L ×U(1)Y , where c stands
for the color of the strong force (c =red, green, blue), L represents left-handed
chirality and Y the hypercharge. Its particle content can be split into two groups:
particles with fractional spin called fermions and those with integer spin dubbed
bosons. The fermions form the visible matter of the Universe while the bosons
carry the fundamental forces. Quarks and leptons are organized in 3 families or
generations with identical quantum numbers that determine their interactions but
different masses. The two heavier generations are unstable and decay into the first
generation. Altogether, there are 6 × 3 quarks and 6 leptons. In terms of their
left-handed and right-handed components, the fermionic particle content of the SM
is then summarized in Table 1.1.
The 8 gluons Gaµ, which are in the adjoint representation of SU(3)c, are the
vector particles responsible for the strong interaction. Gluons couple to quarks with
a coupling of strength gs. The three color charges of the quarks form the funda-
mental representation of the non-Abelian SU(3)c symmetry. The generators of this
representation are the 8 3× 3 Gell-Mann matrices λa, with the algebra[
λa
2
,
λb
2
]
= ifabc
λc
2
, (1.1)
where fabc are the structure constants. Neither quarks nor gluons can be isolated as
free particles. Quarks are confined together into SU(3)c-singlet combinations of two
or three quarks called mesons or baryons respectively.
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Leptons Quarks
1st generation
 νeL
eL
 eR
 uL
dL
 uR dR
2nd generation
 νµL
µL
 µR
 cL
sL
 cR sR
3rd generation
 ντL
τL
 τR
 tL
bL
 tR bR
(SU(3)c, SU(2)L) (1, 2) (1, 1) (3, 2) (3, 1) (3, 1)
Table 1.1: Fermionic content of the 3 generations of the SM and their representations
under the SU(3)c and SU(2)L gauge groups.
The SU(2)L × U(1)Y electroweak interaction are given by three vector fields
W iµ coupled to the weak isospin current J
i
µ, and a vector field Bµ coupled to the
weak hypercharge current jYµ . Similarly to the SU(3)c case, the generators of the
representation of the weak isospin, T i, are the three 2 × 2 Pauli matrices σi that
satisfy the equivalent algebra of that given by Eq. (1.1). And finally, the weak
hypercharge Y encodes the strength of the coupling of each fermion to the vector
field Bµ. The different quantum numbers associated to the charges of the electroweak
interaction of the 1st generation of the SM are summarized in Table 1.2. Since the
second and third generations of fermions are copies of the 1st generation but with
different masses, their charges can be derived from the same Table 1.2. With these
ingredients the gauge invariant Lagrangian that describes the kinetic energies as well
as the strong and electroweak interactions of quarks and leptons can be built
L = −1
4
FµνF
µν︸ ︷︷ ︸
W iµ, Bµ, and G
a
µ
kinetic energies and
self-interactions
+ ψL,R /DψL,R︸ ︷︷ ︸
fermion kinetic energies
and their interactions
with W iµ, Bµ, and G
a
µ
, (1.2)
where the interaction states ψL,R =
1
2
(1∓ γ5)ψ ≡ PL,Rψ are the left-handed or right-
handed components of a given fermion ψ in the Weyl representation, Fµν represents
the three field strengths W iµν , Bµν , and G
a
µν , /D ≡ γµDµ, and Dµ the covariant
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Leptons Quarks
νe eL eR uL dL uR dR
T 1/2 1/2 0 1/2 1/2 0 0
T 3 1/2 -1/2 0 1/2 -1/2 0 0
Y -1 -1 -2 1/3 1/3 4/3 -2/3
Q 0 -1 -1 2/3 -1/3 2/3 -1/3
Table 1.2: Quantum numbers of the 1st generation of the SM. The other two gener-
ations have the same charges of the equivalent particle of the 1st generation.
derivative for left-handed or right-handed fermions given by
Dµ = i∂µ−gσi
2
W iµ︸ ︷︷ ︸
6= 0 only
for ψL
−g′Y
2
Bµ−gsλa
2
Gaµ︸ ︷︷ ︸
6= 0 only if
ψL,R = qL,R
, (1.3)
where g, g′, and gs are the strength of the two weak currents and strong forces,
respectively. Notice that gauge invariance does not allow including a gauge boson
mass term of the form−m2BBµBµ nor a fermion mass term−mfψψ in the Lagrangian
of Eq. (1.2). As a consequence all the particles and mediators of the three forces
described by that Lagrangian are massless. However, this is in conflict with empirical
evidence since masses for the different fermions as well as for the W± and Z gauge
bosons have been observed in different experiments.
Therefore, the electroweak symmetry SU(2)L × U(1)Y is broken to U (1)em in
such a way that the physical W± and Z gauge bosons of the charged (CC) and neutral
(NC) weak current interactions, respectively, become massive, while the photon that
mediates the electromagnetic (em) interaction remains massless. Thus, the generator
of the electromagnetic interaction, Q, is the only charge conserved in the broken phase
and which can be expressed as a combination of the generators of the SU(2)L×U(1)Y
symmetry, T 3 and Y
Q ≡ T 3 + Y
2
. (1.4)
The Lagrangian that describes the electroweak interaction in the unbroken phase
LEW = −igJ iµW iµ − i
g′
2
jY µBµ , (1.5)
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gives rise to the Lagrangians of the three currents after EWSB
Lem = ejemµ Aµ = eψγµQψAµ ,
LNC = g
cos θW
JNCµ Z
µ =
g
cos θW
ψγµ
(
T 3PL −Q sin2 θW
)
ψZµ ,
LCC = g√
2
JCCµ
†
W−µ + h.c. =
g√
2
ψLγ
µψLW
−
µ + h.c. ,
(1.6)
where T 3 and Q are the different fermionic charges given in Table 1.2, and where θW
is the Weinberg angle that defines the mixing among the weak interaction fields and
the physical states
Aµ = Bµ cos θW +W
3
µ sin θW ,
Zµ = −Bµ sin θW +W 3µ cos θW ,
W±µ =
1√
2
(
W 1µ ∓ iW 2µ
)
,
(1.7)
where the following relation among the strength of the two weak currents g and g′,
and the electric charge of the electromagnetic current has been used to define the
three currents
g sin θW = g
′ cos θW ≡ e ⇒

jemµ ≡ J3µ +
1
2
jYµ
JNCµ ≡ J3µ − sin2 θWjemµ
JCCµ ≡ J+µ =
1
2
(
J1µ + iJ
2
µ
) . (1.8)
Notice that the CC interaction of Eq. (1.6) only involves left-handed fermions. There-
fore, C symmetry is violated within the SM. A mechanism that breaks SU(2)L×U(1)Y
in order to build the Lagrangian that represents the behavior of the different mas-
sive particles under the weak interactions. And here is where the Higgs mechanism
enters.
1.1 Masses in the SM: the Higgs mechanism
The Higgs mechanism was first introduced in 1964 by R. Brout and F. Englert [6],
by P. Higgs [7], and by G. Guralnik, C. R. Hagen, and T. Kibble [8] to explain
why the Z and W± gauge bosons are massive while the photon remains massless.
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In order to do this, four scalar fields φi are introduced in such a way that the new
SU(2)L × U(1)Y gauge invariant piece added to the Lagrangian of Eq. (1.2) is
LHiggs =
∣∣∣∣(i∂µ − gσi2 W iµ − g′Y2 Bµ
)
φ
∣∣∣∣2 − V (φ) , (1.9)
where φ denotes the Higgs, a complex doublet of SU(2)L with a weak hypercharge
Y = 1 that contains four scalar fields φi
φ =
 φ+
φ0
 with

φ+ ≡ 1√
2
(φ1 + iφ2)
φ0 ≡ 1√
2
(φ3 + iφ4)
. (1.10)
The Higgs potential, V (φ), of Eq. (1.9) is given by
V (φ) = µ2φ†φ+ λ
(
φ†φ
)2
. (1.11)
For µ2 > 0 the potential has a paraboloid shape with the minimum in φ0 = 0 (see
Figure 1.1). However, when µ2 < 0 and λ > 0 the potential exhibits a “Mexican-hat”
shape with a non-zero vacuum expectation value (vev), φ0, of φ(x)
φ0 =
1√
2
 0
vEW
 with vEW ≡√−µ2
λ
= 246 GeV . (1.12)
Notice that the above choice of φ0, with T = 1/2, T
3 = −1/2, and Y = 1 breaks
both SU(2)L and U(1)Y gauge symmetries. However, since φ
0 is the neutral Higgs
component that develops a vev, the U(1)em symmetry with generator Q = T
3 + Y/2
remains unbroken. The vacuum is thus invariant under U(1)em transformations while
the symmetry associated to the other three generators of SU(2)L ×U(1)Y is broken.
Consequently, the photon remains massless while the breaking generates three mas-
sive Goldstone bosons [81–83]. These Goldstone bosons become the longitudinal
components of the Z and W± gauge bosons, and masses for them are thus induced
as explained in the following Section 1.1.1. That is, after spontaneous symmetry
breaking, of the four scalar fields, the only physical field that remains is the Higgs
field h
φ =
 φ+
φ0
 after−−−→
EWSB
φ =
1√
2
 0
vEW + h
 , (1.13)
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Figure 1.1: Higgs potential V (φ) for a complex scalar field for λ > 0 and µ2 > 0
(left panel) with zero vev and for µ2 < 0 (right panel) with non-zero vev.
where the Higgs boson h is the scalar (spin 0) particle associated to this new filed
and whose bare mass is related to the parameter λ of the Higgs potential
Mh = vEW
√
2λ =
√
−2µ2 . (1.14)
1.1.1 Gauge boson masses
The masses of the gauge bosons arise from the first term of the Higgs Lagrangian
Eq. (1.9) when the Higgs develops a vacuum expectation value of φ0∣∣∣∣(gσi2 W iµ + g′2 Bµ
)
φ0
∣∣∣∣2 = v2EWg28
([(
W 1µ
)2
+
(
W 2µ
)2]
+
[(
W 3µ
)2 − 2g′
g
W 3µB
µ +
g′2
g2
B2µ
])
=
(
1
2
vEWg
)2
W+µ W
−µ +
1
2
(
1
2
vEW
√
g2 + g′2
)2
ZµZ
µ
(1.15)
where the relations among the interaction fields and the physical states given by
Eq. (1.7) have been used. One can therefore identify the coefficients of the first and
second terms of Eq. (1.15) as the masses of the W± charged gauge bosons and of
the Z neutral gauge boson, respectively. And as expected, since no AµA
µ term is
generated in Eq. (1.15), the photon is massless
MW =
1
2
vEWg = cos θWMZ , MZ =
1
2
vEW
√
g2 + g′2 and Mγ = 0. (1.16)
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Thus we have succeed to break SU(2)L×U(1)Y in such a way that the three Goldstone
bosons that arise from the breaking give masses to the Z and W± gauge bosons, while
the photon remains massless.
1.1.2 Fermion masses through the Yukawa interaction
As mentioned before, due to gauge invariance, a fermion mass term −mfψψ was
not included in the first Lagrangian Eq. (1.2). Nevertheless, the beauty of the Higgs
mechanism is that the same Higgs field that is responsible for breaking SU(2)L ×
U(1)Y → U(1)em, giving masses to the W± and Z, is also capable to give masses to
the quarks and leptons through the so called Yukawa interaction. One can therefore
build the third SU(2)L × U(1)Y gauge invariant piece of the Lagrangian
LYukawa =− LLiy′`ij`Rjφ−QLiy′dijqdRjφ−QLiy′uij quRjφ˜+ h.c.
=− y
`
αvEW√
2
`α`α −
yqβvEW√
2
qβqβ − y
`
α√
2
`α`αh−
yqβ√
2
qβqβh ,
(1.17)
where φ˜ = −iσ2φ∗, and where y′`ij, y′uij and y′dij are the Yukawa couplings for leptons,
up-type quarks and down-type quarks respectively. The second line of Eq. (1.17)
is rewritten in the physical basis in which the Yukawas are real and diagonal, and
where one can therefore identify the coefficient of the first two terms as
m`α =
vEW√
2
y`α and mqβ =
vEW√
2
yqβ , (1.18)
with `α = e, µ, τ and qβ = u, d, c, s, b, t. Since the same Yukawa couplings that define
the masses of the fermions enter in their interaction with the Higgs boson, the more
massive a fermion is, the stronger its interaction with the Higgs boson. However,
Yukawa couplings are not predicted but free parameters of the theory.
Notice that since the SM does not contain right-handed neutrinos (nor other
possible extra field necessary to generate neutrino masses), there is no Yukawa inter-
action term in Eq. (1.17) for the neutrinos. And thus, within the SM, the neutrinos
are strictly massless particles at any order in perturbation theory.
1.1.3 The discovery of the Higgs boson and beyond
The Higgs mechanism explains the masses of all the massive gauge bosons and
fermions, however the theory needed the discovery of this scalar particle in order
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to be verified. From the late 1980s to 2010s, the experiments of the Large Electron-
Positron collider (LEP) at CERN and Tevatron at Fermilab, searched for the Higgs
boson without any evidence. Later, on the 4th of July of 2012, the ATLAS and
CMS experiments of CERN’s Large Hadron Collider (LHC) announced the discov-
ery of a new particle in the mass region of ∼ 126 GeV consistent with the SM Higgs
boson. Figure 1.2 shows the preliminary results of the discovery announcement of
both ATLAS [9] and CMS [10] experiments. The data shown in both experiments
correspond to the reconstruction of the Higgs boson mass mh from the golden decay
channel h → γγ. Finally, in 2013 the Nobel Prize in physics was awarded jointly
to F. Englert and P. Higgs for the theoretical discovery of a mechanism behind the
origin of the mass of elementary particles.
Figure 1.2: Di-photon (γγ) invariant mass distribution for the ATLAS (left panel)
and CMS (right panel) data of 2011 and 2012 (black points with error bars). The
data are weighted by the signal to background ratio for each subcategory of events.
The solid red line shows the fit result for signal plus background; the dashed red line
shows only the background. From [9,10].
After the Higgs boson discovery, the last piece of the SM was assembled and
one can therefore build the Lagrangian that describes the observed strong and elec-
troweak interactions as well as the masses of the SM fermions and gauge bosons. The
SM Lagrangian LSM is thus the sum of Eq. 1.2, 1.9 and 1.17 rewritten in a compact
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form as
LSM = L+ LHiggs + LYukawa
= −1
4
FµνF
µν + iψ /Dψ +
(
ψiyijψjφ+ h.c.
)
+ |Dµφ|2 − V (φ) .
(1.19)
1.2 Neutrino oscillations and the leptonic mixing
matrix
In this section it is shown that if neutrinos are massive and they mix in analogy to
their quark counterparts, then leptonic flavor change is possible trough the neutrino
oscillation phenomenon. The neutrino oscillation probabilities, both in vacuum and
in presence of mater will be derived and discussed.
1.2.1 The leptonic mixing matrix: UPMNS
If neutrinos are massive, in all generality their mass and flavor eigenstates will not
coincide and will be related to each other via an analogous unitary matrix to the
Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix [84, 85]. Thus, the three neu-
trino fields να (associated to the charged leptons `α via the CC interactions) are
linear combinations of three mass eigenstates νi with masses mi. In the basis in
which charged lepton Yukawas are diagonal
να = (UPMNS)αi νi , (1.20)
where α = e, µ, τ and i = 1, 2, 3 are flavor and mass eigenstates indices respectively.
The UPMNS is a CKM-like Pontecorvo-Maki-Nakagawa-Sakata (PMNS) [86–89], a
3× 3 unitary mixing matrix that relates the two different basis.
In the mass basis the leptonic NC and CC interactions of Eq. (1.6) are therefore
given by
LNC = g
2cW
{
νiγ
µPLνi − `αγµPL
(
1− 2s2W
)
`α
}
Zµ ,
LCC = g√
2
`αγ
µPL (UPMNS)αi νiW
−
µ + h.c. ,
(1.21)
where the unitary relation
∑(
U †PMNS
)
iα
(UPMNS)αj = δij has been used in the NC
interaction. This means that the NC are diagonal and that UPMNS is the unitary
leptonic mixing matrix that appears in CC interactions.
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The PMNS matrix can be parametrized by the usual Chau-Keung represen-
tation [90] trough three angles, θij, and a CP violation phase, δ, called Dirac
phase1
UPMNS =

c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 , (1.22)
where cij = cos θij and sij = sin θij have been used in order to shorten the nota-
tion.
1.2.2 Neutrino oscillations in vacuum
The amplitude for a neutrino in the mass eigenstate i to interact as a neutrino of
flavor α is given by the mixing matrix element (UPMNS)αi, therefore a να originally
produced in association with a given charged lepton `α will evolve in a non-trivial
way2
|να (L, t)〉 = (UPMNS)∗αi e−i(Eit−piL) |νi〉
t'L' (UPMNS)∗αi e−i(Ei−pi)L |νi〉
' (UPMNS)∗αi e−i
∆m2i L
2E |νi〉 ,
(1.23)
where L is the distance traveled by the neutrino between production and detection.
Therefore there is a non-zero oscillatory probability of detecting the neutrino νβ
associated with `β
Pαβ ≡ P (να → νβ) = |〈νβ|να (L)〉|2 =
∣∣∣∣(UPMNSe−iHLU †PMNS)
βα
∣∣∣∣2 , (1.24)
where the Hamiltonian H in vacuum will be given by
H =
1
2E

0 0 0
0 ∆m221 0
0 0 ∆m231
 with ∆m2ij ≡ m2j −m2i . (1.25)
1As will be discussed in Section 1.3, neutrino masses could be of the Majorana kind, in which
case two other physical masses could be present in the PMNS matrix.
2For a more consistent computation in the wave pocket formalism, without using the plane wave
approximation, see for instance [91–93].
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Then, starting form Eq. (1.24) the neutrino (anti-neutrino) oscillation probabilities
in vacuum reduces to
Pαβ
(
Pαβ
)
= δαβ − 4
∑
i>j
Re
[
UαiU
∗
βiU
∗
αjUβj
]
sin2 (∆ij)
+ (−) 2
∑
i>j
Im
[
UαiU
∗
βiU
∗
αjUβj
]
sin (2∆ij) ,
(1.26)
where U ≡ UPMNS and ∆ij ≡ ∆m2ijL/4E have been used to shorten notation, and
where Pαβ stands for the anti-neutrino oscillation probability P (να → νβ).
Notice that the observation of flavor change in the neutrino sector given by
Eq. (1.26) implies both ∆m2ij 6= 0 and (UPMNS)αi 6= δαi. That is, the observations of
neutrino oscillation requires to non-degenerate neutrino mass eigenstates and non-
trivial mixing in the leptonic sector. Moreover, if UPMNS is a complex matrix, then
Pαβ and Pαβ will be different.
Neutrino oscillations given by Eq. (1.26) do not depend on the mass eigenvalues
themselves but in the two mass squared splittings, ∆m2ij. As a result, no information
on the absolute neutrino mass scale is obtained trough neutrino oscillation measure-
ments.
1.2.3 Neutrino oscillations in matter
When neutrinos travel trough matter they can undergo coherent scattering with the
particles that form the atoms. Two kind of interactions can take place. Coherent
scatterings of νe (or νe) with the electrons in the medium via W
± exchange giving
rise to an extra CC interaction potential VCC
VCC = ±
√
2GFne (1.27)
where GF ≡ is the Fermi constant, and ne is the electron density of the matter
where the neutrinos are propagating. The +(−) sign is for neutrino (anti-neutrino)
propagation. The second mater interaction is that of neutrinos with electrons, pro-
tons and neutrons via exchange of Z bosons. For neutral matter, the interaction
with electrons cancels with that with protons and as a result, the NC interaction
potential VNC only depends on the flavor-blind neutron contribution
VNC = ∓
√
2
2
GFnn (1.28)
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where nn is the matter neutron density, and again −(+) corresponds to neutrino
(anti-neutrino) propagation.
Then, the neutrino oscillation probability in matter is given by Eq. (1.24) but
where the matter Hamiltonian, Hm, will not only account for the vacuum neutrino
evolution but also for the new CC and NC interactions
Hm =
1
2E

0 0 0
0 ∆m221 0
0 0 ∆m231
+ U †PMNS

VCC + VNC 0 0
0 VNC 0
0 0 VNC
UPMNS .
(1.29)
For approximately constant matter density, the matter Hamiltonian of Eq. (1.29)
can by diagonalized getting as a result effective mass eigenstates, ∆˜ij, that will enter
in the neutrino oscillation probability in matter given by
Pmαβ
(
Pmαβ
)
= δαβ − 4
∑
i>j
Re
[
U˜∗αiU˜βiU˜αjU˜
∗
βj
]
sin2
(
∆˜ij
)
+ (−) 2
∑
i>j
Im
[
U˜∗αiU˜βiU˜αjU˜
∗
βj
]
sin
(
2∆˜ij
)
,
(1.30)
where U˜ is the unitary matrix that diagonalizes the matter Hamiltonian of Eq. (1.29).
In the simple two-family approximation, in which only two mass eigenstates,
ν1 and ν2, and therefore two corresponding flavor states, νe and νµ, are significant,
then there is only one squared-mass splitting ∆m2 ≡ m22 − m21. Then, the mixing
matrix, U (θ), is the rotation matrix between the mass and flavor basis. Therefore,
the neutrino oscillation probability in matter given by Eq. (1.30) becomes
Pmeµ = sin
2 2θm sin
2 ∆m
2
mL
4E
(1.31)
where ∆m2m is given by
∆m2m ≡ ∆m2
√
sin2 2θ + (cos 2θ − x)2 (1.32)
and where θm and x are given by
sin2 2θm ≡ sin
2 2θ
sin2 2θ + (cos 2θ − x)2 with x ≡
VCC/2
∆m2/4E
=
2
√
2GFneE
∆m2
. (1.33)
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It is shown in Eq. (1.33) that for x ' cos 2θ, sin2 2θm can be near unity even for very
small vacuum mixing angle θ. This dramatic amplification of a small mixing angle
in vacuum into a very large one in matter is the known as the resonant version of
the Mikheev-Smirnov-Wolfenstein (MSW) effect [94,95].
1.2.4 Measuring the neutrino oscillation parameters
The three angles θij of the UPMNS, the Dirac CP phase δ, and the two mass split-
tings ∆m221 and ∆m
2
31 (solar and atmospheric mass splittings, respectively) can be
measured in neutrino oscillation experiments. Neutrino and antineutrino oscillations
have been observed discovered with high significance in a number of observations
involving both (να → νβ, with α 6= β) and disappearance (να → να) channels given
by Eq. (1.26) using a variety of experiments:
• Atmospheric νµ and νµ disappearance at Super-Kamiokande (SK) [36, 39–41,
44], MINOS [53,55], and IceCUBE [45].
• Accelerator νµ and νµ disappearance at long-baselines (LBL) of L ∼ 300/800
km K2K [52], T2K [58,59], MINOS [54], and NOνA [56] experiments.
• Accelerator νµ → νe at LBL of L ∼ 300/800 km T2K [58,59], MINOS [55], and
NOνA [57] experiments.
• Solar νe → νµ/ντ at Chlorine [18], Gallex [31], SK [27, 28, 30], SNO [32], and
Borexino [29,33,34] experiments.
• Reactor νe disappearance at a LBL of L ∼ 200 km at KamLAND [47].
• Reactor νe disappearance at a middle-baseline (MBL) of L ∼ 1 km at Double-
Chooz [49], Daya Bay [50], and Reno [48].
Table 1.3 shows the leading and subleading dependences of these experiments to the
different neutrino oscillation parameters. Therefore, the best-fit value of sin2 θ12,
sin2 θ23, sin
2 θ13, ∆m
2
sol, and |∆m2atm| through the global fit, NuFIT 3.0 [96], to a
complete set of neutrino oscillation experiments.
However there are still some unknown values for the neutrino oscillation param-
eters. Namely, the sign of the atmospheric mass spiting |∆m2atm| which gives rise to
the two possible neutrino mass orderings. If ∆m2sol ≡ ∆m221 > 0, then two different
mass orderings can be defined: normal hierarchy (NH) when ∆m2atm = ∆m
2
31 > 0
or inverted hierarchy (IH) ∆m2atm = ∆m
2
32 < 0. These tow different situations are
shown in Figure 1.3. Moreover, the octant of θ23 and δ are unknown neutrino os-
cillation parameters too. Even tough NOνA and T2K experiments already have
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Neutrino oscillation experiment Leading dependence Subleading dependence
Solar experiments θ12 ∆m
2
sol & θ13
Reactor LBL ∆m2sol θ12 & θ13
Reactor MBL θ13 |∆m2atm|
Atmospheric experiments θ23 ∆m
2
atm , θ13 & δ
Acc. LBL νµ & νµ disappearance |∆m2atm| θ23
Acc. LBL νe appearance θ13 ∆m
2
atm , δ & θ23
Table 1.3: Dominant and subdominant dependence of the different neutrino oscilla-
tion experiments on the oscillation parameters.
hints for δ close to maximal (δ ∼ −pi/2) [57,59], it is expected that next generation
long baseline of neutrino oscillation experiments such as DUNE (Fermilab, USA) or
T2HK (Japan) will determine the value the mass ordering and the δ CP phase.
Even though the absolute neutrino mass scale, m1 (m3) for NH (IH) (see Fig-
ure 1.3) cannot be stablished through neutrino oscillation experiments, direct bounds
on the absolute neutrino mass scale could be probed trough kinematical searches in
β−decay experiments or in Cosmology. Single β−decay experiments set an upper
bound on the effective flavor mass defined by
m2να ≡
∑
i
| (UPMNS)αi |2m2i . (1.34)
The most sensitive limits on the effective mass mνe < 2.3 eV and mνe < 2.1 eV at
95%CL comes from Mainz [97] and Troitsk [98] experiments, respectively. On the
other hand, the measurements of the CMB made by Planck [12] set an upper bound
on the sum of the light neutrino masses∑
i
mi < 0.23 eV (95% CL). (1.35)
The experimental evidence for neutrino flavour change through the neutrino
oscillation phenomenon [17–59] requires left-handed neutrinos to be massive. There-
fore, the SM must be extended to account for this overwhelming experimental evi-
dence.
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Figure 1.3: The two possible neutrino mass orderings. Normal hierarchy when
∆m2atm = ∆m
2
31 > 0 (left panel) and inverted hierarchy ∆m
2
atm = ∆m
2
32 < 0 (right
panel). The absolute neutrino mass scale, m1 (m3) for NH (IH), is unknown and
cannot be stablished trough neutrino oscillation experiments.
1.3 Neutrino masses and the Seesaw mechanism
Since neutrinos are the only neutral fermions of the SM, they are the only particles
that can have either Dirac or Majorana mass terms. If the SM is extended with
right-handed neutrinos νR, and under the ad hoc assumption that lepton number L
is exactly conserved, a Dirac mass term −mDνLνR for neutrinos can be added to
the SM Lagrangian of Eq. (1.19). Analogous to the masses of charged leptons and
quarks explained in Section 1.1.2, when the Higgs develops a vev, neutrinos would
get Dirac masses trough the Yukawa interaction
mD =
vEW√
2
yN , (1.36)
where yN is the Yukawa interaction between the neutrinos and the Higgs field. How-
ever, the constraints on direct searches of neutrino masses of Eq. (1.35) set a bound
on these Yukawa couplings ∼ O(10−12) which is too small compared to the ones of
the other fermions. This huge suppression of the neutrino Yukawa coupling suggest
a different mechanism behind the origin of neutrino masses. On the other hand, a
Majorana mass term for the left-handed neutrinos −mˆνcLνL3 is not allowed in the
3Where c stands for the charge-conjugate or particle-antiparticle operator defined by:
Cˆ : ψ → ψc ≡ iγ0γ2ψT
34 CHAPTER 1. THE SM AND ITS LIMITATIONS
SM by gauge invariance. However, Majorana masses for the νL can be induced by
the unique dimension 5 (d = 5) Weinberg operator [99] when the Higgs develops a
non-zero vev
1
2
cd=5αβ
(
`α
c
Lφ˜
∗
)(
φ˜†`βL
)
+ h.c.
after−−−→
EWSB
v2EW
2
cd=5νcLνL , (1.37)
and therefore, the Majorana mass generated for the left-handed neutrinos in terms
of the coefficient of the Weinberg operator is given by
mˆ = −v
2
EW
2
cd=5 . (1.38)
Since the Weinberg operator of Eq. (1.37) is a (d = 5) operator, this option
implies that the SM is the low energy remanent of a higher energy theory. It should be
effectively generated by some new particles extending the SM content. At tree level4,
only three different realizations of the Weinberg operator, which are characterized
by the quantum numbers of the new mediators, exist:
• Type-I Seesaw [61–64]: the extension of the SM with heavy Majorana right-
handed neutrinos NR that are singlets under the SM gauge group.
• Type-II Seesaw [65–69]: Weinberg operator mediated by heavy SU (2)L triplets
of scalar fields Λ with hypercharge Y = 2.
• Type-III Seesaw [70–77]: Weinberg operator mediated by heavy SU (2)L fermionic
triplets ΣR with zero hypercharge.
This thesis will be focussed on the study of the phenomenological implications of the
Type-I Seesaw. The SM particle content is then enlarged by an arbitrary number of
heavy right-handed singlets NRi and thus, the SM-Seesaw Lagrangian that describes
the SM interactions with massive neutrinos and mixings is given by
L = LSM + iNR/∂NR −
(
1
2
NRi(MN)ijN
c
Rj + (yN)iαNRiφ
†`Lα
)
+ h.c. , (1.39)
where MN is the Majorana mass allowed for the right-handed neutrinos NRi due to
gauge invariance. Since NR are singlets under the SM gauge group and have Y = 0,
the covariant derivative reduces to Dµ = ∂µ in the kinetic term of Eq. (1.39).
Interestingly, if the SM neutrinos acquire Majorana masses via the Weinberg
operator, additional physical phases can be present into the PMNS mixing matrix.
4For some pioneering works on radiatively induced neutrino masses see for instance [100,101]
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Contrary to the case of the CKM matrix of the quark sector, these two extra “Ma-
jorana phases” α1,2 cannot be reabsorbed in field redefinitions and therefore, they
become physical. The two Majorana phases are encoded in the diagonal matrix
V
V =

e−i
α1
2 0 0
0 e−i
α2
2 0
0 0 1
 . (1.40)
Thus, the UPMNS matrix that accounts for the possible Majorana nature of neutrinos
is given by
UPMNS =

c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 · V , (1.41)
Since the PMNS matrix appears in the combination
(
UPMNSU
†
PMNS
)
αβ
in the
neutrino production and detection processes, the V part of Eq. (1.41) directly can-
cels making the experimental verification of the Majorana nature of the neutrinos
not possible through oscillations. Nowadays, neutrinoless double beta (0νββ) decay
experiments (CUORE, GERDA, KamLAND-Zen or EXO) are the best window to
probe for the Majorana nature of neutrinos.
1.3.1 The Type-I Seesaw as a low energy EFT
When the masses of the new heavy states NRi are above the electroweak scale, the
heavy fields can be integrated out, and the resulting effective field theory (EFT)
can be used to study the low energy phenomenology encodes in a set of effective
operators. Each of these effective operators is suppressed by a power of the energy
scale Λ ∼MN until which the effective Lagrangian Leff is valid
Leff = LSM + 1
Λ
Ld=5 + 1
Λ2
Ld=6 + · · · ' LSM + δLd=5 + δLd=6 , (1.42)
where the series has been stoped at d = 6 since, in general, the effect of higher order
operators is much more suppressed by the new heavy scale MN .
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d = 5 operator: neutrino masses through the Weinberg operator
The first effective operator, δLd=5, is the Weinberg operator of Eq. (1.37), which
violates lepton number L by two units (∆L = 2). After the Higgs develops a vev the
Weinberg operator induces Majorana masses for the light neutrinos. In the Seesaw
limit MN  mD, these Majorana masses are given by
mˆ = −v
2
EW
2
cd=5 ≡ −mTDM−1N mD = U∗PMNSmU †PMNS , (1.43)
where UPMNS is the unitary mixing matrix that diagonalizes the symmetric light neu-
trino mass matrix mˆ generated by the Weinberg operator and which was introduced
in Section 1.2.1. Thus, within the Seesaw mechanism the smallness of light neutrino
masses naturally stem from the suppression of the new heavy scale MN as can be
seen in Eq. (1.43).
d = 6 operator: neutrino mixing
The unique [102] d = 6 effective operator that appears at tree level is
δLd=6 = cd=6αβ
(
`αLφ˜
)
i/∂
(
φ˜†`βL
)
, (1.44)
where the d = 6 operator coefficient is given by the hermitian matrix [102,103]
η ≡ v
2
EW
4
cd=6 =
1
2
m†DM
−2
N mD , (1.45)
notice that since η is suppressed by two powers of the new heavy scale MN , if the
smallness of the light neutrinos (i.e. the smallness of the d = 5 Weinberg operator)
comes only from the suppression of this scale, the d = 6 coefficient will be in principle
even more suppressed.
When the Higgs acquires a vev, this d = 6 operator leads to corrections to the
left-handed neutrino kinetic terms, which becomes non-diagonal in the flavor space.
With the following transformation ναL → να′L ≡
(
δαβ + 2ηαβ
)1/2
νLβ, the neutrino
kinetic terms are brought to a diagonal and canonical form [102]. As a result, the
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leptonic NC and CC Lagrangians of Eq. (1.21) take the form5
LNC ' g
2cW
{
νi
(
U †PMNS
)
iα
(δαβ − ηαβ) γµPL (δβγ − ηβγ) (UPMNS)γj νj
− `αγµPL
(
1− 2s2W
)
`α
}
Zµ
≡ g
2cW
{
νiγ
µPL
(
N †N
)
ij
νj − `αγµPL
(
1− 2s2W
)
`α
}
Zµ ,
LCC ' g√
2
`αγ
µPL (δαβ − ηαβ) (UPMNS)βi νiW−µ + h.c.
≡ g√
2
`αγ
µPLNαiνiW
−
µ + h.c. ,
(1.46)
where the new leptonic mixing matrix N is not unitary anymore and is given by
N ≡ (I − η)UPMNS . (1.47)
From the above relation, the coefficient of the d = 6 operator can be used to
parametrized the deviation from unitarity of the leptonic mixing matrix UPMNS that
appears in the CC current interactions. This means that the inclusion of right-handed
neutrinos to the SM particle content modifies the processes mediated by these two
currents and thus, precision measurements of such observables can in principle set
strong constraints on the parameters of the high-energy Seesaw model. This idea
has been studied in detail in several works [66,104–118].
5Primes will be omitted in the following.
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Chapter 2
Global constraints on the Seesaw
mixing
2.1 Parametrizations
Starting from the usual type-I Seesaw Lagrangian:
L = LSM − 1
2
N iR(MN)ijN
cj
R − (YN)iαN iRφ†`αL + h.c. , (2.1)
where φ denotes the SM Higgs field, MN the Majorana mass allowed for the right-
handed neutrinos N iR and YN the Yukawa couplings between the neutrinos and the
Higgs field. The vev of the Higgs vEW will, in addition, induce Dirac masses mD =
vEWYN/
√
2. In the usual Seesaw limit, for MN  mD, the three light and mostly-
active neutrinos observed in the neutrino oscillation phenomenon will be clearly
separated from the heavy and mostly-sterile new states. Upon integrating out these
heavy states, their low energy phenomenology will be encoded in a series of effective
operators. The first such operator is the well-known d = 5 Weinberg operator [99]
that, upon electroweak symmetry breaking, induces the Majorana masses for the
light neutrinos:
mˆ ≡ mtDM−1N mD = −U∗PMNSmU †PMNS, (2.2)
where UPMNS = U23(θ23)U13(θ13, δ)U12(θ12)diag(e
−iα1/2, e−iα2/2, 1) is the Unitary mix-
ing matrix that diagonalizes the symmetric mass matrix mˆ generated from the Wein-
berg operator. At tree level, the only d = 6 operator obtained upon integrating out
the heavy neutrinos induces non-canonical neutrino kinetic terms for the three SM
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active neutrinos when the Higgs develops its vev [102]. After diagonalizing and
normalizing the kinetic terms, the mixing matrix appearing in charged current in-
teractions will thus contain, not only the two Unitary rotations to diagonalize the
d = 5 and d = 6 operators respectively, but also the necessary rescaling to bring the
neutrino kinetic term to its canonical form. Thus, in all generality, the matrix de-
scribing the mixing between the light neutrino mass eigenstates and the SM charged
leptons via W interactions will not be Unitary and to stress this feature we will dub
it N . Since any general matrix can be parametrized as the product of an Hermitian
and a Unitary matrix, these deviations from unitarity have been often parametrized
as [103]:
N = (I − η)UPMNS, (2.3)
where the small Hermitian matrix η (also called  in other works) encodes the devia-
tions from unitarity in neutrino mixing. This parametrization is very convenient from
a phenomenological point of view. Indeed, since the particular neutrino mass eigen-
state is never identified in physical observables, its index is always summed upon,
while the flavour index labeling the charged leptons participating in the process is
normally fixed. Thus, most observables depend on the combination:∑
i
NαiN
†
iβ = δαβ − 2ηαβ +O
(
η2αβ
)
(2.4)
and can thus be expressed only though the parameters contained in the Hermitian
matrix η. Moreover, the physical interpretation of η is also very transparent in terms
of the mixing between the extra heavy neutrinos and the SM flavours. Indeed, if the
full mass matrix is diagonalized as:
UT
 0 mTD
mD MN
U =
 m 0
0 M
 , (2.5)
where m and M are diagonal matrices containing respectively the masses of the 3
light νi and heavy Ni mass eigenstates. The diagonalizing matrix U can be written
as [119]:
U =
 c s
−s† cˆ
 UPMNS 0
0 I
 , (2.6)
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where  c s
−s† cˆ
 ≡

∞∑
n=0
(−ΘΘ†)n
2n!
∞∑
n=0
(−ΘΘ†)n
(2n+ 1)!
Θ
−
∞∑
n=0
(−Θ†Θ)n
(2n+ 1)!
Θ†
∞∑
n=0
(−Θ†Θ)n
2n!
 , (2.7)
and Θ ∼ m†DM−1N is the general matrix that describes the mixing between the heavy
mass eigenstates and the active neutrino flavours. Thus, the non-unitary correction
I − η can be identified with the first term of the cosine expansion 1 − ΘΘ†/2 such
that:
η =
ΘΘ†
2
. (2.8)
Furthermore, η is also (1/2 of) the coefficient of the d = 6 operator obtained upon
integrating out the heavy neutrino fields:
η =
m†DM
−2
N mD
2
. (2.9)
In all generality the d = 6 operator η is completely independent from the d = 5 mˆ and
thus from the measured neutrino masses and mixings in oscillation experiments [120,
121]. However, both mˆ and η are ultimately built from mD and MN and thus, in
particular cases, may not be fully independent. Apart from the completely general
parametrization through η, here we will also investigate one such case. Namely, we
will focus on the particular scenario in which:
• The SM is only extended through 3 right-handed neutrinos.
• The three extra neutrino mass eigenstates are heavier than the EW scale.
• Large, potentially observable, η is allowed despite the smallness of neutrino
masses.
• The small neutrino masses are radiatively stable.
The only way to simultaneously satisfy these requirements is through an underlying
L symmetry [122,123] (see also Ref. [124,125]) which leads to:
mD =
vEW√
2

YNe YNµ YNτ
1Y
′
Ne 1Y
′
Nµ 1Y
′
Nτ
2Y
′′
Ne 2Y
′′
Nµ 2Y
′′
Nτ
 and MN =

µ1 Λ µ3
Λ µ2 µ4
µ3 µ4 Λ
′
 ,
(2.10)
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with all i and µj small lepton number violating parameters (see also Ref. [126] for
a particular scenario where these small parameters arise naturally). By setting all
i = 0 and µj = 0, lepton number symmetry is indeed recovered with the following
L assignments Le = Lµ = Lτ = L1 = −L2 = 1 and L3 = 0. Also mˆ = 0 (3
massless neutrinos in the L-conserving limit), M1 = M2 = Λ (a heavy Dirac pair)
and M3 = Λ
′ (a heavy decoupled Majorana singlet), but:
η =
1
2

|θe|2 θeθ∗µ θeθ∗τ
θµθ
∗
e |θµ|2 θµθ∗τ
θτθ
∗
e θτθ
∗
µ |θτ |2
 with θα ≡ YNαv√2Λ . (2.11)
So that large η is possible even in the limit of massless neutrinos when L is con-
served. Upon switching on the L-violating parameters in Eq. (2.10), neutrino masses
and mixings mˆ that can reproduce the observed neutrino oscillations are generated.
However, these are not completely independent from η and the following relationship
between the θα in Eq. (2.11) and mˆ follows [78]:
θτ ' 1
mˆ2eµ − mˆeemˆµµ
(θe (mˆeµmˆµτ − mˆeτmˆµµ) +
θµ (mˆeµmˆeτ − mˆeemˆµτ )±
√
θ2emˆµµ − 2θeθµmˆeµ + θ2µmˆee×
×
√
mˆ2eτmˆµµ − 2mˆeµmˆeτmˆµτ + mˆeemˆ2µτ + mˆ2eµmˆττ − mˆeemˆµµmˆττ
)
.
(2.12)
Thus, this extra constraint will lead to correlations among the heavy-active mixing
parameters θα and therefore also ηαβ through Eq. (2.11), not present in the completely
general scenario with more than 3 heavy neutrinos. From now on we will refer to
the unrestricted scenario as G-SS (general Seesaw) and to the particular case with 3
extra heavy neutrinos as 3N-SS. The parameters characterizing the heavy neutrino
mixing and the correlations between them in each case are summarized in Table 2.1.
In particular, the constraints on η for the G-SS come from the fact that η is positive
definite (see Eq. (2.8)).Regarding θτ in the 3N-SS case, its value is fixed by θe and θµ
through Eq. (2.12) once the SM neutrino masses and mixings encoded in the d = 5
operator mˆ are specified. In our analysis we will thus scan the allowed parameter
space of the 3N-SS by leaving θe and θµ free in the fit, together with the remaining
unknown values characterizing mˆ: the Dirac phase δ, the Majorana phases α1 and α2,
the absolute neutrino mass and the mass hierarchy (normal or inverted). Regarding
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ηee ηµµ ηττ ηeµ ηeτ ηµτ
G-SS
ηee > 0 ηµµ > 0 ηττ > 0 |ηeµ| ≤ √ηeeηµµ |ηeτ | ≤ √ηeeηττ |ηµτ | ≤ √ηµµηττ
free free free free free free
3N-SS
ηee =
|θe|2
2
ηµµ =
|θµ|2
2
ηττ =
|θτ |2
2
ηeµ =
θeθ∗µ
2
ηeτ =
θeθ∗τ
2
ηµτ =
θµθ∗τ
2
free free fixed by Eq. (2.12) fixed by θe, θµ fixed by θe, θτ fixed by θµ, θτ
Table 2.1: Summary of the parameters characterizing the mixing between flavour
eigenstates and the extra heavy neutrinos for a completely general Seesaw scenario
(G-SS) and the particular case of 3 extra heavy neutrinos (3N-SS). The constraints
and correlations between parameters in each model are also summarized in the table.
The value of θτ for the 3N-SS case is computed through Eq. (2.12) as a function of
θe, θµ, δ, α1, α2, the absolute neutrino mass scale and the mass hierarchy. The rest
of the oscillation parameters are fixed to their best fits from Ref. [127].
the absolute neutrino mass scale we will add the constraint from Planck on the
sum of the light neutrino masses
∑
mi < 0.23 eV at a 95% CL [12]. The rest of
the oscillation parameters are fixed to their best fits from Ref. [127] since they are
well-constrained by present neutrino oscillation data.
When presenting the results of the global fit in Section 3.3 we will derive con-
straints on the mixing of the heavy neutrinos with the SM active flavours θα in
Eq. (2.11) for the 3N-SS. Regarding the G-SS, we do not specify the number of
heavy neutrinos with which the SM is extended since all the observable effects are
simply encoded in the matrix η. Thus, each heavy neutrino can have a different
mixing Θαi and, to ease the comparison with the results from the 3N-SS, we will
use the combination
√
2ηαα which represents the total mixing from all the additional
heavy neutrinos with the flavour α and an upper bound on the individual mixings
Θαi:
Θαi =
(
m†DM
−1
)
αi
and 2ηαα =
∑
i
|Θαi|2. (2.13)
2.2 Observables
Global constraints on the mixing between the heavy and active neutrinos will be
derived through a fit to the following 28 observables:
• The W boson mass MW
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• The effective weak mixing angle θW: s2 lepW eff and s2 hadW eff
• Four ratios of Z fermionic decays: Rl, Rc, Rb and σ0had
• The invisible width of the Z Γinv
• Ratios of weak decays constraining EW universality: Rpiµe, Rpiτµ, RWµe, RWτµ, RKµe,
RKτµ, R
l
µe and R
l
τµ
• 9 weak decays constraining the CKM unitarity
• 3 radiative LFV decays: µ→ eγ, τ → µγ and τ → eγ
The dependence of each observable on the non-unitarity mixing matrix Nαi and
the parameters ηαβ will be presented and discussed in this section. In Ref. [78] it
was recently shown that loop level corrections involving the new degrees of freedom
can be safely neglected. However, many SM-mediated loop corrections are relevant
for these precision observables and will therefore be accounted for [128]. Notice that,
in principle, these SM loop corrections also contain an indirect dependence on the
non-unitarity parameters, notably through their dependence on GF as determined
in muon decay. This subleading dependence of the observables will be neglected
and only the corrections from non-unitarity affecting the tree level relations will be
discussed in the following expressions. The numerical analysis, however, contains all
relevant SM loop corrections when comparing with the corresponding observables.
The loop-corrected SM expectation, together with the leading non-unitarity correc-
tion and the experimental measurements that will be the inputs of our global fit are
all summarized in Tab.(2.2).
2.2.1 Constraints from µ decay: GF , MZ, MW and θW
As usual, all SM predictions will be made in terms of the very accurate measurements
of α, MZ and GF as measured in µ decay, Gµ [128]:
α = (7.2973525698± 0.0000000024) · 10−3,
MZ = (91.1876± 0.0021) GeV, (2.14)
Gµ = (1.1663787± 0.0000006) · 10−5 GeV−2.
However, a non-unitary mixing matrix Nαi would modify the expected decay
rate of µ → eνν¯. Indeed, since the final state neutrinos are not determined, their
index must be summed upon obtaining:
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Observable SM prediction Experimental value
MW 'MSMW (1 + 0.20 (ηee + ηµµ)) (80.363± 0.006) GeV (80.385± 0.015) GeV
s2 lepW eff ' s2 lep SMW eff (1− 1.30 (ηee + ηµµ)) 0.23152± 0.00010 0.23113± 0.00021
s2 hadW eff ' s2 had SMW eff (1− 1.30 (ηee + ηµµ)) 0.23152± 0.00010 0.23222± 0.00027
Rl ' RSMl (1 + 0.18 (ηee + ηµµ)) 20.740± 0.010 20.804± 0.050
Rc ' RSMc (1 + 0.11 (ηee + ηµµ)) 0.17226± 0.00003 0.1721± 0.0030
Rb ' RSMb (1− 0.06 (ηee + ηµµ)) 0.21576± 0.00003 0.21629± 0.00066
σ0had ' σ0 SMhad (1 + 0.55 (ηee + ηµµ) + 0.53ηττ ) (41.479± 0.008) nb (41.541± 0.037) nb
Γinv ' ΓSMinv (1− 0.33 (ηee + ηµµ)− 1.32ηττ ) (0.50166± 0.00005) GeV (0.4990± 0.0015) GeV
Rpiµe ' (1− (ηµµ − ηee)) 1 1.0042± 0.0022
Rpiτµ ' (1− (ηττ − ηµµ)) 1 0.9941± 0.0059
RWµe ' (1− (ηµµ − ηee)) 1 0.992± 0.020
RWτµ ' (1− (ηττ − ηµµ)) 1 1.071± 0.025
RKµe ' (1− (ηµµ − ηee)) 1 0.9956± 0.0040
RKτµ ' (1− (ηττ − ηµµ)) 1 0.978± 0.014
Rlµe ' (1− (ηµµ − ηee)) 1 1.0040± 0.0032
Rlτµ ' (1− (ηττ − ηµµ)) 1 1.0029± 0.0029∣∣∣V βud∣∣∣ '√1− |Vus|2(1 + ηµµ) √1− |Vus|2 0.97417± 0.00021∣∣V τ→Kντus ∣∣ ' |Vus| (1 + ηee + ηµµ − ηττ ) |Vus| 0.2212± 0.0020∣∣V τ→K,pius ∣∣ ' |Vus| (1 + ηµµ) |Vus| 0.2232± 0.0019∣∣V KL→pieνeus ∣∣ ' |Vus| (1 + ηµµ) |Vus| 0.2237± 0.0011∣∣∣V KL→piµνµus ∣∣∣ ' |Vus| (1 + ηee) |Vus| 0.2240± 0.0011∣∣V KS→pieνeus ∣∣ ' |Vus| (1 + ηµµ) |Vus| 0.2229± 0.0016∣∣∣V K±→pieνeus ∣∣∣ ' |Vus| (1 + ηµµ) |Vus| 0.2247± 0.0012∣∣∣V K±→piµνµus ∣∣∣ ' |Vus| (1 + ηee) |Vus| 0.2245± 0.0014∣∣V K,pi→µνus ∣∣ ' |Vus| (1 + ηµµ) |Vus| 0.2315± 0.0010
Table 2.2: List of observables input to the global fit. The first column contains the
leading dependence on the non-unitarity parameters η, the second column contains
the loop-corrected SM expectation, and the third column the experimental measure-
ment used in the fit.
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Γµ =
m5µG
2
F
192pi3
∑
i
|Nµi|2
∑
j
|Nej|2 '
m5µG
2
F
192pi3
(1− 2ηee − 2ηµµ) ≡
m5µG
2
µ
192pi3
. (2.15)
Thus, GF as determined through muon decay (Gµ) acquires a non-unitary correction
that will propagate to most observables:
GF = Gµ (1 + ηee + ηµµ) . (2.16)
In particular, the relation between Gµ and MW allows to constrain ηee and ηµµ
through kinematic measurements of MW :
Gµ =
αpiM2Z (1 + ηee + ηµµ)√
2M2W (M
2
Z −M2W )
. (2.17)
Similarly, the weak mixing angle s2W will be modified and independent determinations
of s2W will be used to further constrain ηee and ηµµ:
s2W =
1
2
1−√1− 2√2αpi
GµM2Z
(1− ηee − ηµµ)
 , (2.18)
Regarding different measurements of s2W it is important to note that in some low
energy determinations, such as from the weak charge of the proton or Møller scatter-
ing, the dependence on this parameter appears through the following combination
−1/2 + 2s2W. Since the value of s2W is close to 1/4, there is a partial cancellation
in this observables that, in the SM, allows for a very accurate determination of s2W,
since small changes in its value significantly affect the degree of the cancellation and
hence the size of the observable. For the same reason, we find that these observables
are also very sensitive to corrections of the order of SM loop corrections times the
non-unitary parameters η. Indeed, including some of these corrections we find that
the corresponding coefficients in front of the η parameters in Tab.(2.2) would vary up
to a factor 2, indicating that our approximation of neglecting these terms is not good
enough for these precision observables. Since the inclusion of these corrections is be-
yond the scope of this work, we choose not to include these particular determinations
of s2W in the list of observables for our global fit.
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2.2.2 Constraints from Z decays
Z decays into charged fermions
The Z decays into charged fermions are not directly modified in presence of heavy
neutrinos or a non-unitary lepton mixing matrix at tree level. However, these mea-
surements depend on GF and sW and, as such, an indirect dependence on the non-
unitarity parameters appears through its determination via muon decay, as described
above. In particular:
Γ
(
Z → ff¯) ≡ Γf = GµM3Z
(
gf2V + g
f2
A
)
6
√
2pi
(1 + ηee + ηµµ) (2.19)
where the vector and axial-vector form factors are given by:
gfV = NC
(
Tf − 2Qfs2W
)
gfA = NCTf (2.20)
with NC the color factor, NC = 3 (1) for quarks (leptons) and where Qf and Tf are
the electric charge and third component of the weak isospin of the fermion f . Notice
that an additional dependence on ηee and ηµµ will be present in gV through s
2
W and
Eq. (2.18).
The usual combinations of decay rates will be used as observables for the global
fit:
Rq =
Γq
Γhad
, Rl =
Γhad
Γl
and σ0had =
12piΓeeΓhad
M2ZΓ
2
Z
; (2.21)
where Γhad ≡
∑
q 6=t
Γq.
Invisible Z width
In presence of a non-unitary lepton mixing matrix Nαi, the Z coupling to neutrinos
is directly affected and becomes non diagonal since (N †N)ij 6= δij. Thus, apart from
its indirect dependence through GF , the invisible width of the Z, from which the
number of active neutrinos can be determined, is directly sensitive to the mixing of
heavy neutrinos:
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Γinv =
GFM
3
Z
∑
ij |(N †N)ij|2
12
√
2pi
' GµM
3
Z
12
√
2pi
(
3− (4 ηττ + ηee + ηµµ)
) ≡ GµM3ZNν
12
√
2pi
(2.22)
Notice that, since ηαβ is positive definite from Eq. (2.8), the number of active neu-
trinos as measured through the invisible Z width will be smaller than 3 in presence
of mixing with heavy neutrinos, to be compared with the present determination of
Nν = 2.990± 0.007 from LEP [129].
2.2.3 Constraints from weak interaction universality tests
The lepton flavour universality of weak interactions is strongly constrained through
ratios of lepton and meson decays differing in the charged lepton generation involved,
such as pi → µνi vs pi → eνi. Since the final state neutrino cannot be determined,
these processes are proportional to
∑
i |Nαi|2 ≈ 1−2ηαα, where α is the flavour of the
charged lepton. Thus, a flavour dependence is induced in presence on non-unitary
mixing and the weak interaction universality constraints become powerful probes of
heavy neutrino mixing:
Γα
Γβ
≡ Γ
SM
α
ΓSMβ
R2αβ =
ΓSMα
ΓSMβ
∑
i |Nαi|2∑
i |Nβi|2
' Γ
SM
α
ΓSMβ
(1− 2ηαα + 2ηββ) , (2.23)
where the ratio of the SM expectations for the decay widths ΓSMα will be given by a
function of the charged lepton masses involved containing the corresponding phase
space and chirality flip factors as well as the different loop corrections. Thus, at tree
level and for the particular case of pi decays:
ΓpiSMα
ΓSMβ
=
(
mα (m
2
pi −m2α)
m2β
(
m2pi −m2β
))2 . (2.24)
Constraints on the values of the ratios of weak coupling constants Rαβ as defined
in Eq. (2.23) have been derived through ratios of different decays [130] and are
summarized in Tab. (2.2).
2.2.4 Unitarity of the CKM matrix
The presence of extra heavy neutrinos leads to unitarity violations of the lepton
PMNS mixing matrix leaving the CKM quark mixing unaffected. However, the
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processes through which the elements of the CKM matrix V are determined are
affected both directly (for processes involving leptons) and indirectly (through the
determination of GF in muon decays). In particular, the unitarity relation among
the elements of the first row of the CKM matrix is very strongly constrained and
reads:
|Vud|2 + |Vus|2 + |Vub|2 = 1 (2.25)
For the present accuracy on Vus, the value of Vub = (4.13± 0.49)× 10−3 [128] can be
safely neglected in Eq. (2.25). This relation, together with the measurements from
the different processes used to constrain Vud and Vus will thus also present indirect
sensitivities to ηαβ. In particular we will rewrite through Eq. (2.25):
|Vud| =
√
1− |Vus|2 (2.26)
and use the following experimental constraints to fit for Vus and the ηαβ parameters
on which they depend. In our final constraints on ηαβ the dependence on Vus has
been treated as a nuisance parameter and the χ2 has been minimized with respect
to it.
Superallowed β decay
Superallowed β decays provide the best determination of |Vud|. However, in presence
of a non-unitary PMNS matrix it will receive a direct correction with (1− 2ηee)
from the electron and neutrino coupling, as well as the indirect correction from GF
in Eq. (2.16). All in all the value of Vud extracted from this process corresponds
to: ∣∣∣V βud∣∣∣ = (1 + ηµµ) |Vud| . (2.27)
The most recent update on
∣∣∣V βud∣∣∣ based on 20 different superallowed β transitions [131]
is listed in Tab. (2.2) and will be an input for our fit.
|Vus|
|Vus| can be determined through τ decays and semileptonic or leptonic K decays. The
values of f+(0) and fK/fpi involved in these observables have been taken from [132].
• K decays
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Kaon decays offer a direct way to determine |Vus|. Apart from their sensitivity
to this parameter, decays with µ (e) final states also have a direct dependence
on ηµµ (ηee) which cancels against the indirect dependence through Gµ leading
to: ∣∣V K→pieνeus ∣∣ = (1 + ηµµ) |Vus| , (2.28)∣∣V K→piµνµus ∣∣ = (1 + ηee) |Vus| . (2.29)
The present determinations of
∣∣V K→pieνeus ∣∣ and ∣∣∣V K→piµνµus ∣∣∣ are listed in Tab.(2.2)
and have been obtained from [133,134] together with f+ (0) from [132], the cor-
relation matrix among observables from [133] has also been taken into account.
An alternative determination of |Vus| stems from the ratio of the branching
fractions B (K → µν) /B (pi → µν). Notice that in this ratio any direct or in-
direct dependence on leptonic non-unitarity cancels allowing to constrain the
ratio |Vus| / |Vud| as in the SM. Since this measurement is latter combined with∣∣∣V βud∣∣∣ from Eq. (2.27) to obtain ∣∣V K,pi→µνus ∣∣ the same (1 + ηµµ) correction as for∣∣∣V βud∣∣∣ is finally present: ∣∣V K,pi→µνus ∣∣ = (1 + ηµµ) |Vus| . (2.30)
• τ decays
An alternative constraint on |Vus| can be obtained from the τ → Kντ de-
cay rate. In presence of non-unitary leptonic mixing, a direct correction by
(1− 2ηττ ) will be present from the τ coupling as well as the indirect correction
from GF leading to the following dependence:∣∣V τ→Kντus ∣∣ = (1 + ηee + ηµµ − ηττ ) |Vus| . (2.31)
The value of
∣∣V τ→Kντus ∣∣ is given in Tab. (2.2) [135].
Another possibility is to constrain |Vus| from the ratio B (τ → Kντ ) /B (τ → piντ ).
In complete analogy to Eq. (2.30), the sensitivity to the non-unitarity param-
eters takes the form: ∣∣V τ→K,pius ∣∣ = (1 + ηµµ) |Vus| . (2.32)
All these observables with the values listed in Tab. (2.2) will be used to fit for
ηee, ηµµ and ηττ . Regarding |Vus|, its value will be free to vary in the fit and will
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be treated as a nuisance parameter, choosing the value of |Vus| that minimizes
the χ2 for each value of ηee, ηµµ and ηττ .
2.2.5 Lepton flavor violating observables
Flavour transitions α → β in presence of non-unitary mixing such that (N †N)αβ =
−2ηαβ 6= 0 are no longer protected by the GIM [136] mechanism. Thus, the strin-
gent constraints that exist on lepton flavour violating (LFV) processes translate into
strong probes of the PMNS unitarity, in particular on the off-diagonal elements ηαβ.
Notice that from Eq. (2.8) η is a positive-definite matrix and its off diagonal elements
subject to the Schwarz inequality:
|ηαβ| ≤ √ηααηββ, (2.33)
as summarized in Table 2.1. Thus, the direct constraints on the diagonal elements
of η stemming from the processes discussed above also constrain indirectly the size
of the off-diagonal entries. Moreover, for the 3N-SS, Eq. (2.11) implies that the
Schwarz inequality is saturated to an equality. Therefore, in the G-SS a global fit to
constrain the diagonal elements of η with the list of observables described above will
be performed. Then, constraints on the off-diagonal entries will be derived indirectly
through the Schwarz inequality and compared with the direct bounds from LFV
processes. For the 3N-SS, the LFV observables will be added directly to the global
fit since they also constrain the diagonal elements through the saturation of the
inequality.
Below we list and describe the set of LFV transitions that would take place
through non-unitary leptonic mixing. The present experimental bounds and future
sensitivities are summarized in Table. 2.3. A comparison summarizing the present
relative importance of these observables constraining the off-diagonal elements of η
(solid lines) is presented in Fig. 2.1. Since the LFV observables typically depend on
the value of the heavy masses, we have performed the comparison for the 3N-SS,
since there is only a common scale that simplifies the comparison. As can be seen,
radiative decays lα → lβγ presently dominate the existing bounds and will thus be
added to the global fit in the 3N-SS. However, regarding future expectations (dotted
lines), the constraints on |ηeµ| will be dominated by µ→ eee or µ− e transitions in
nuclei rather than by µ→ eγ. On the other hand, the present and future sensitivity
to |ηeτ | and |ηµτ | is completely dominated by the radiative decays lα → lβγ. In
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Figure 2.1: 90% CL constraints on ηαβ from LFV observables in the 3N-SS. Solid lines
represent current experimental bounds while dotted lines represent future sensitivi-
ties as listed in Table. 2.3. The red-shadowed region represents the non-perturbative
region with |YN |2 > 6pi. In the bottom panel, given the preference for non-zero
h → τµ [137, 138] we show the preferred value in blue and the the 1σ region in
yellow.
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particular, the constraints on |ηαβ| from the LFV decays of the Z and Higgs bosons,
Z → lαlβ and h → lαlβ, are at least one or three orders of magnitude weaker than
the bounds from radiative decays respectively. Unfortunately this precludes the
explanation of the present mild preference for non-zero h → µτ [137, 138] through
heavy neutrino mixing (see yellow band in the lower panel of Fig. 2.1). Indeed, the
values of the Yukawas required to explain these events are, not only excluded by
the other observables depicted in the third panel of Fig. 2.1, but also fall into the
non-perturbative region, shaded red in the figure.
Observable Experimental bound Future sensitivity
µ→ eγ < 4.2 · 10−13 [128] < 6 · 10−14 [139]
τ → µγ < 3.3 · 10−8 [128] < 3 · 10−9 [140]
τ → eγ < 4.4 · 10−8 [128] < 3 · 10−9 [140]
Z → eµ < 7.1 · 10−7 [141] < 10−13 [142]
Z → τe < 9.3 · 10−6 [143,144] −
Z → τµ < 1.1 · 10−5 [144,145] −
h→ eµ < 3.4 · 10−4 [146] −
h→ τe < 6.6 · 10−3 [146] −
h→ τµ (8.2± 3.2) · 10−3 [137,138] −
µ→ eee < 10−12 [147] < 10−16 [148]
τ → eee < 2.7 · 10−8 [149] < 2 · 10−10 [140]
τ → µµµ < 2.1 · 10−8 [149] < 2 · 10−10 [140]
µ→ e (Al) − < 10−17 [150]
µ→ e (Ti) < 4.3 · 10−12 [151] < 10−18 [152]
Table 2.3: Summary of the present constraints and expected future sensitivities for
the different LFV observables considered.
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LFV Z decays
For the 3N-SS, the Z → l∓α l±β decay branching ratio is simplified to [153]
B (Z → l∓α l±β ) = α2M3ZGµ
24
√
2pi3swΓZ
|ηαβ|2
∣∣F (λ)− F (0) +G(λ, 0) +G(0, λ)− 2G(0, 0)∣∣2,
(2.34)
where
G(λi, λj) = 2C24 − 1− λQ (C0 + C11 + C12 + C23)− λiλj
2
C0,
F (λ) = 2c2w
[
λQ
(
C¯11 + C¯12 + C¯23
)− 6C¯24 + 1]− λ(1− 2s2w)C¯24 (2.35)
− 2s2wλC¯0 +
1− 2c2w
2
[
(1 + λ)B1 + 1
]
,
and λ = Λ2/M2W , λQ = (pα − pβ)2/M2W = M2Z/M2W + O(m2l /M2W ) and C{0,11,12,23},
C{0,11,12,23,24} and B1 defined in Appendix C of [153].
As shown in Fig. 2.1, at present lα → lβγ is able to set bounds much stronger
than through this process.
LFV h decays
In the case of the LFV Higgs decay the expression at O (η2αβ) for the branching ratio
is much more involved than in the Z → l∓α l±β case. In Fig. 2.1 we have used the
complete computation presented in [154–156]. Nevertheless, we instead present here
an approximate expression which can be useful in order to understand the dependence
on the parameters in the 3N-SS.
B (h→ l∓α l±β ) ≈ α364pi2s6wΓh
(
Λ
MW
)4
Mh |ηαβ|2
(
m2α
M2W
|fL|2 +
m2β
M2W
|fR|2
)
, (2.36)
where
fL =
M2h
2
(C0 + C11 − C12) ,
fR =
M2h
2
(C0 + C12) , (2.37)
and C{0,11,12} = C{0,11,12}(m2α,M
2
h ,Λ
2,M2W ,M
2
W ). This approximate result is reason-
ably accurate for scales above few TeV and works very well for Λ & 10 TeV. However,
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since here we are neglecting O (M2W/Λ2) contributions, it fails for Λ . 1 TeV. In any
case, the full calculation shows that the constraints on |ηαβ| are still very far from
the present radiative bounds, falling indeed in the non perturbative region.
lα → lβlβlβ decay
Another LFV observable that would be induced by heavy neutrino mixing is the
lα → lβlβlβ. Its branching ratio, for the 3N-SS, is given by [157]
B (lα → lβlβlβ) =
G4µM
4
Wm
5
α |ηαβ|2
18432pi7Γα
{
54− 1188s2W + s4W
(
1105 + 96 log
(
m2α
m2β
))
(2.38)
+ 2 log2
Λ2
M2W
(
27− 96s2W + 128s4W
)− 4 log Λ2
M2W
(
27− 219s2W + 296s4W
)}
.
Notice that, while additional non-unitarity corrections from Gµ and s
2
W (also
through Γα when α 6= µ) would be present, these are higher order in η and therefore
subleading since the whole process is already proportional to |ηαβ|2.
Fig. 2.1 shows that the present µ → eee decay bound on |ηeµ| is quite com-
petitive with the one coming from µ → eγ. The constraint is presently dominated
by µ → eγ, but it is expected to be overcome by µ → eee in the future. On the
other hand, the present and future sensitivity to |ηeτ | and |ηµτ | is dominated by the
radiative decays.
µ→ e conversion
In the 3N-SS, the ratio between µ→ e conversion rate over the capture rate Γcapt in
light nuclei is given by [114]
Rµ→e '
G2µα
5m5µ
2s4wpi
4Γcapt
Z4eff
Z
|ηeµ|2F 2p
[
(A+ Z)Fu + (2A− Z)Fd
]2
. (2.39)
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where A corresponds to the mass number, Z (Zeff) stands for the (effective) atomic
number, Fp is a nuclear form factor and
Fu =
2
3
s2W
16 log
(
Λ2
M2W
)
− 31
12
−
3 + 3 log
(
Λ2
M2W
)
8
,
Fd = −1
3
s2W
16 log
(
Λ2
M2W
)
− 31
12
−
3− 3 log
(
Λ2
M2W
)
8
,
The bounds shown in Fig. 2.1 have been obtained from µ→ e conversion transitions
in 2713Al and
48
22Ti. The input values for the nuclear parameters Fp, Zeff and Γcapt have
been extracted from [158,159] and are summarized in Table 1 of [114].
According to the forecasted performances the future sensitivity to |ηeµ| will
be dominated by this observable. Remarkably, future µ → e searches [152] could
improve the present bound by three orders of magnitude making it a very promising
channel to probe for new physics signal in LFV decays.
Radiative decays
In the G-SS, the branching ratio for the radiative decays lα → lβγ is given by:
Γ (lα → lβγ)
Γ (lα → lβνανβ) =
3α
32pi
∣∣∣∣∣
n∑
k=1
UαkU
†
kβF (xk)
∣∣∣∣∣
2
(UU †)αα (UU
†)ββ
, (2.40)
where xk ≡ M
2
k
M2W
, and
F (xk) ≡ 10− 43xk + 78x
2
k − 49x3k + 4x4k + 18x3k lnxk
3(xk − 1)4 . (2.41)
For Mk MW the limit can be simplified to:
Γ (lα → lβγ)
Γ (lα → lβνανβ) '
3α
8pi
|ηαβ|2
(
F (∞)− F (0) )2 = 3α
2pi
|ηαβ|2 . (2.42)
This expression shows how the non-unitarity induced in the PMNS by the heavy
neutrinos and the separation of the two scales prevents the GIM cancellation. Indeed,
the cancellation is recovered in the limit xk  1.
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These radiative decays are the observables dominating the present constraints
on ηαβ as shown in Fig. 2.1 and will thus be the ones introduced in the fit through
Eq. (2.42) for the 3N-SS. In the G-SS, these constraints will be compared with the
bounds stemming from the Schwarz inequality Eq. (2.33) from the outcome of the
global fit to the diagonal entries.
2.3 Results
With the list of observables described in the previous section and under a Gaussian
approximation we construct a χ2 function to scan the parameter spaces of the G-SS
and the 3N-SS. For the G-SS the free parameters of the fit are directly ηee, ηµµ and
ηττ without further constraints and all the observables listed in Section 2.2 except
for the LFV transitions will be used to constrain them. The LFV radiative decays
rather constrain the off-diagonal elements of the matrix η. Therefore, to obtain the
global constraints on the off-diagonal elements, the LFV radiative decays will be
combined and compared with the indirect bounds implied by the Schwarz inequality
Eq. (2.33) from the lepton flavour conserving observables.
Regarding the 3N-SS, the free parameters for the fit are θe and θµ (modulus
and phase) while θτ is given by Eq. (2.12) once the light neutrino masses and mixings
are specified through the d = 5 operator mˆ. Thus, we also take as free parameters
of the fit the values of the unknown phases of the PMNS matrix Dirac (δ) and Ma-
jorana (α1 and α2) as well as the mass of the lightest neutrino mass eigenstate for
both a normal and an inverted neutrino mass ordering. The rest of the oscillation
parameters are fixed to their best fits from Ref. [127] since they are well-constrained
by present neutrino oscillation data. Notice that, a priori, the number of free pa-
rameters we fit for in the 3N-SS case is larger than in the G-SS. However, this larger
number of parameters is only included to take into account the constraints affecting
θτ (and therefore ηττ ) via Eq. (2.12) that are absent in the G-SS. Indeed, as we will
see from the results of the fit, these constraints imply extra correlations between the
parameters of the 3N-SS and there is in fact less freedom in the relevant parameters
ηee, ηµµ and ηττ to fit for the observables. Since for the 3N-SS the Schwarz inequality
Eq. (2.33) is saturated |ηαβ| = √ηααηββ, the LVF radiative decays also imply non-
trivial constraints on the values of θα and the diagonal elements ηαα and will hence
be included in the list of observables of the global fit. Notice that, under the ap-
proximation of Eq. (2.42), the LFV radiative decays do not depend on the Majorana
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mass scale. Therefore, since none of the observables for the G-SS or 3N-SS cases
depend directly on the Majorana masses, the bounds on the mixing derived apply
for any choice of the heavy neutrino masses above the electroweak scale.
In Fig. 2.2 we present our results from the global fit, performed by scanning
the relevant parameter spaces through a Markov chain Monte Carlo algorithm. The
results presented here correspond to the frequentist confidence intervals for 1σ, 90%
and 2σ significance. We present the results directly in the heavy-active neutrino
mixing θα for the 3N-SS under the assumption of a normal neutrino ordering (middle
panels) and inverted neutrino ordering (lower panels). To ease the comparison of
the constraints, we present the results for the G-SS (upper panels) in the variable√
2ηαα, which can be identified with the total effective mixing of the different heavy
mass eigenstates with the flavour α, see Eq. (2.13), and an upper bound on the
individual mixing Θαi of any additional heavy neutrino Ni. As can be seen, while
the bounds on the individual parameters are comparable in strength for the two
scenarios, the constraints imposed by Eqs. (2.11) and (2.12) for the 3N-SS reflect in
strong correlations for their allowed regions. In particular, µ → eγ imposes a very
stringent constraint in the product θeθµ leading to the hyperbolic constraints in the
middle-left and bottom-left panels of the figure and absent in the upper for the G-SS.
On the other hand, in the middle and bottom-right panels of the figure non-trivial
correlations between θe and θτ , absent in the upper-right panel for the G-SS, can be
observed. This stems from the fact that θτ is not free to take any value preferred
by the observables, but constrained by θe, θµ and the neutrino masses and mixings
through Eq. (2.12).
To summarize the results of the global fit we present in Fig. 2.3 the profiles
of the ∆χ2 obtained as a function of the individual θα and minimized over all the
other parameters. The 1 and 2σ regions are colored in red and blue respectively.
As can be seen, the observables considered (notably the invisible width of the Z
and MW ) overall show a mild (between 1 and 2σ) preference for some degree of non-
unitarity θ ∼ 0.03−0.04. The constraints on the universality of the weak interactions,
particularly from ratios of pion and lepton decays, prefer these unitarity deviations
with non-vanishing mixing with the heavy neutrinos to take place in the electron and
tau sectors. This preference is clear in the upper panels of Fig. (2.3), which show the
constraints for the unbounded G-SS. But, even in the more constraint case of a 3N-SS
(middle panels for normal hierarchy and lower panels for inverted), there is enough
freedom to accommodate this general preference shown by the datasets considered.
The more characteristic feature that distinguishes the 3N-SS from the G-SS in Fig. 2.3
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Figure 2.2: Frequentist confidence intervals at 1σ, 90% and 2σ on the parameter space
of the G-SS (upper panels) and the 3N-SS for normal hierarchy (middle panels) and
inverted hierarchy (bottom panels).
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Figure 2.3: ∆χ2 profile minimized over all fit variables except for one θα (or
√
2ηαα)
in the case of the G-SS) at a time. The upper panels are for the G-SS, and the middle
and lower panels for the 3N-SS for a normal and inverted hierarchy respectively.
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is the constraint in θµ which, for the 3N-SS shows a very non-Gaussian behavior with
a very stringent 1σ limit and a much milder 2σ bound comparable to the one found
for the G-SS. The reason for the comparatively much stronger 1σ constraint stems
from the very stringent constraint from µ→ eγ, which for the 3N-SS imply either a
very small θe or θµ. Together with the 1σ preference for non-vanishing θe, this implies
a very strong 1σ upper bound for θµ. On the other hand, at the 2σ level θe can be
arbitrarily small and thus the bound on θµ from µ → eγ is evaded. Regarding the
G-SS, µ → eγ only constrains the element ηeµ and not ηee or ηµµ since, contrary to
the 3N-SS, the Schwarz inequality Eq. (2.33) is not saturated. Regarding θe and θτ ,
the limits for the 3N-SS and the G-SS are much more similar between them. Indeed,
despite the constraint from Eq. (2.12) on θτ , the preferred value for this parameter
in the 3N-SS does not show significant deviations with respect to the G-SS. However,
non-trivial correlations among the Majorana phases α1 and α2 as well as among the
phases of θe and θτ : αe and ατ when a normal neutrino mass ordering is assumed are
required to satisfy Eq. (2.12). These phase correlations are shown in Fig. 2.4. Two
Figure 2.4: Points scanned by the MCMC algorithm with a ∆χ2 < 1 showing the
mild preferred correlation between the two Majorana phases of the PMNS matrix α1
and α2 (left panel) and between the phases of θe and θτ : αe and ατ (right panel) for
the 3N-SS and under a normal hierarchy assumption.
interesting features can be observed: (i) The values of the PMNS Majorana phases
such that α1− α2 ∼ 2npi are favoured (left plot); (ii) The data prefers values for the
phases of θτ and θe which satisfy ατ − αe ∼ (2n+ 1) pi (right plot). In the IH case,
we have not found any significant correlation among the phases.
Regarding the off-diagonal elements |ηαβ|, we present in Fig. 2.5 the limits ob-
tained from the combination of all observables as a function of
√
2|ηαβ| and marginal-
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Figure 2.5: Bounds on the off-diagonal entries of ηαβ (|θαθβ| for the 3N-SS). The
upper panels are for the G-SS, and the middle and lower panels for the 3N-SS for a
normal and inverted hierarchy respectively. For the G-SS the strongest limit between
the direct bound from radiative LFV decays and the indirect limit from the diagonal
entries through the Schwarz inequality is shown for each element.
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ized over all the other parameters for the G-SS (upper panels) and the 3N-SS for NH
(middle panels) and IH (lower panels). As in Fig. 2.3, the 1 and 2σ regions are col-
ored in red and blue respectively. For the G-SS the strongest limit between the direct
bound from radiative LFV decays and the indirect limit from the diagonal entries
through the Schwarz inequality is shown. For |ηeµ| the constraint from µ→ eγ gives
the most stringent bound while for |ηeτ | and |ηµτ | the indirect constraints from the
lepton flavor conserving (LFC) processes included in the global fit together with the
Schwarz inequality Eq. (2.33) rather dominate. Moreover, the bound on the product
|θeθτ | for the 3N-SS shows a 1σ preference for a non-zero value. This mild hint can
be translated into a prediction for LFV τ−e transitions, in particular, to a branching
ratio of τ → eγ of ∼ 2.5 ·10−10 for |ηeτ | ∼ 6 ·10−4. This is rather challenging to probe
but not very far from the future sensitivities expected at Super-B factories.
2.4 Discussion and conclusions
A global fit to lepton flavor and electroweak precision data has been performed
to constrain the size presently allowed for the mixing of the extra heavy Seesaw
neutrinos with the SM leptons. The analysis has been performed both in a completely
general Seesaw (G-SS) with the effects of the extra neutrinos encoded in effective
operators with no assumed correlations and for the particular case where only three
heavy neutrinos are considered (3N-SS). The results of the fit are summarized in
Table 2.4.
For the G-SS with an arbitrary number of extra heavy neutrinos the bounds
are expressed in the quantity
√
2|ηαβ| =
∑
i
√
ΘαiΘ∗βi (see Eq. (2.13)). Thus, the
diagonal elements
√
2ηαα correspond to the sum (in quadrature) of all mixings Θαi of
the individual extra heavy neutrinos Ni to a given SM flavor α and represent an upper
bound on each individual mixing. The off-diagonal entries, on the other hand, are
the combinations that can mediate LFV transitions and even provide extra sources
of CP-violation. Notice that, from this definition, η is a positive definite matrix and
its off-diagonal elements subject to the Schwarz inequality |ηαβ| ≤ √ηααηββ.
In the case of the 3N-SS, only one mixing parameter θα per SM flavor α can be
large enough to saturate the bounds derived here, so as to comply with our present
constraints on light neutrino masses and mixings from neutrino oscillation data (see
discussion in Section 2.1). Thus, the Schwarz inequality is saturated to an equality
for the 3N-SS. Furthermore, some non-trivial correlations between the parameters
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G-SS 3N-SS
LFC LFV NH IH
√
2ηee, |θe|
1σ 0.031+0.010−0.020 − 0.029+0.012−0.020 0.031+0.010−0.012
2σ < 0.050 − < 0.050 < 0.050
√
2ηµµ, |θµ|
1σ < 0.011 − < 7.6 · 10−4 < 6.9 · 10−4
2σ < 0.021 − < 0.020 < 0.023
√
2ηττ , |θτ |
1σ 0.044+0.019−0.027 − 0.043+0.018−0.027 0.037+0.021−0.032
2σ < 0.075 − < 0.074 < 0.066
√
2ηeµ,
√|θeθµ| 1σ < 0.018 < 4.1 · 10−3 < 4.1 · 10−3 < 4.1 · 10−3
2σ < 0.026 < 4.9 · 10−3 < 4.9 · 10−3 < 4.9 · 10−3
√
2ηeτ ,
√|θeθτ | 1σ < 0.045 < 0.107 0.036+0.010−0.016 0.036+0.010−0.023
2σ < 0.052 < 0.127 < 0.054 0.052
√
2ηµτ ,
√|θµθτ | 1σ < 0.024 < 0.115 < 0.007 0.005
2σ < 0.035 < 0.137 < 0.033 0.032
Table 2.4: Comparison of all 1 and 2σ constraints on the heavy-active neutrino
mixing. For the G-SS the bounds are expressed for
√
2ηαβ (see Eq. (2.13)). For the
off-diagonal entries the indirect bounds from the LFC observables via the Schwarz
inequality Eq. (2.33) are compared with the direct LFV bounds and the dominant
bound is highlighted in bold face. For the 3N-SS the bounds are shown for θα for
assumptions of a normal (NH) and inverted hierarchy (IH), the less stringent bound
is highlighted in bold face as an overall bound on the 3N-SS case.
θα are also present (see Eq. (2.12)).
As shown in Table 2.4 the data show a mild, between 1 and 2σ preference, for
non-zero heavy-active mixing of order ∼ 0.03−0.04 in the e and τ sectors. At the 2σ
level, upper bounds in all mixing parameters are found. The most stringent one ∼
0.02 is found for the mixing with muons, followed by ∼ 0.05 for electrons and ∼ 0.07
for taus. Regarding the off diagonal entries, for the G-SS the indirect bounds from
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LFC processes can be compared with the direct constraints from LFV observables.
Interestingly, the constraint from µ→ eγ strongly dominates over all others leading
to a bound one order of magnitude better ∼ 0.005 in the e−µ entry, while the e− τ
and µ− τ values are rather dominated by the indirect constraints from the Schwarz
inequality (comparison between the LFC and LFV columns). Regarding the 3N-
SS, even though the necessity of correctly reproducing the observed neutrino mass
and mixing pattern introduces non-trivial correlations among the θα and the neutrino
masses and mixings (dependence on normal or inverted hierarchy assumptions shown
in the comparison of the third and fourth columns), there is still enough freedom to
obtain very similar bounds to those found for the G-SS. This however implies some
non-trivial correlations preferred at 1σ notably among the PMNS matrix Majorana
phases as well as among the phases of θe and θτ as shown in Fig. 2.4.
The bounds derived here represent the most updated set of constraints and
compare well with previous studies. Notably, it is interesting to compare with another
recent global fit presented in Ref. [116] were bounds to the G-SS were also studied.
We find that the agreement between the two sets of constraints is generally good.
The same preference for non-zero mixing in the electron and tau sectors was found
but in their case the preferred value is slightly (∼ 20 − 30%) larger. Similarly the
upper bound on muon mixing is weaker in Ref. [116]. Conversely the limits on the
off-diagonal elements are slightly (∼ 20 − 40%) stronger in Ref. [116] for the e − τ
and µ−τ sectors. The only very noticeable difference is in the e−µ sector where the
limit from µ→ eγ is almost a factor 3 stronger than the one presented here (despite
not being yet updated to the final MEG result). This difference can be attributed
to not considering the propagation of the heavy neutrinos in the loop for the process
which tends to restore the GIM cancellation (given the Unitarity of the full mixing
matrix) and to therefore slightly weaken by the corresponding factor the bound
stemming from the process. This extra contribution was not taken into account in
Ref. [116] since a more agnostic source of the non-unitarity of the PMNS matrix was
adopted while here we concentrate in constraining heavy neutrino mixings. The rest
of the discrepancies can stem from small differences in our analyses. For example
our observables for weak lepton universality and CKM unitarity are more updated
and our bounds correspond to frequentist confidence regions while Ref. [116] rather
presented Bayesian credible intervals. Regarding the 3N-SS, the closest study of a
similar setup in the literature is that of Ref. [125]. This work is rather complementary
to our results focusing instead in the region between 10 to 250 GeV, where more
stringent constraints are derived since the extra neutrinos would be kinematically
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accessible.
It is also interesting to translate the bounds derived here to other common
parametrizations, useful in particular for the analysis of neutrino non-standard in-
teractions (see e.g. Ref. [160]). Indeed, the non-unitary PMNS matrix induced by
the mixing with the extra heavy neutrinos modifies the neutrino production and de-
tection processes, which can be encoded in production/detection NSI [103, 112]. In
particular:
|εp,dαβ | = |ηαβ| ≤

1.3 · 10−3 1.2 · 10−5 1.4 · 10−3
1.2 · 10−5 2.2 · 10−4 6.0 · 10−4
1.4 · 10−3 6.0 · 10−4 2.8 · 10−3
 . (2.43)
Furthermore, neutrino interactions with matter are also affected and these effects
can also be described by matter NSI [112]:
εmαβ = 2ηαeδβe + 2ηeβδeα −
nn
ne
2ηαβ, (2.44)
where ne and nn are the electron and neutron densities of the matter traversed by
the neutrinos.
Finally, an alternative parametrization of the non-unitarity of the PMNS matrix
of the form N = TU with T a lower triangular matrix [161–163]:
T =

αee 0 0
αµe αµµ 0
ατe ατµ αττ
 (2.45)
is also considered appropriate to study the effects of non-unitary PMNS mixing in
neutrino oscillation searches [103, 164–167]. Comparing Eqs. (2.3) and (2.45) it is
easy to see that αββ ≈ 1 − ηββ, while |αβγ| ≈ 2|ηβγ| = |βγ| so that the bounds
derived here can be trivially translated to this parametrization too. All in all this
level of non-unitarity (or equivalently NSI as in Eq. (2.43)) is extremely tough to
probe at present or near-future neutrino oscillations facilities and its effects would
be negligible. However, prospective very precise neutrino oscillation facilities such as
the Neutrino factory [168,169] could probe beyond this very stringent present limits
for some elements [103,164].
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Notice that the bounds derived here apply for any heavy neutrino mass above
the electroweak scale. For lighter heavy neutrino masses, the LFV radiative decays
start to be suppressed by the restoration of the GIM mechanism (see Eq. (2.42)) and
therefore the constraints shown in the LFV column of Table 2.4 are not valid. The
rest of the bounds summarized in the LFC column of Table 2.4 do apply down to
O(500 MeV) with the only exception of the invisible width of the Z, since for masses
below ∼ MZ/2 the heavy neutrinos can be kinematically produced and unitarity is
restored. Therefore, in the region between the Kaon mass and the EW scale we do
not expect any significant change in the G-SS bounds shown in the LFC column
of Table 2.4. Nevertheless, at these lower energies were the extra neutrinos can be
directly produced, more stringent constraints than the ones derived here, from direct
searches [165,170–174] and cosmology [175–187] apply.
In summary, we have combined present probes on weak lepton universality,
searches for LFV processes and precision electroweak observables to derive updated
and global constraints on the allowed mixing of heavy Seesaw neutrinos with the SM
fermions. These bounds apply for any value of the Majorana scale larger than the
electroweak scale and have been computed both for a completely general scenario as
well as for the case in which only 3 extra heavy neutrinos are considered. At the 1σ
level a mild preference for non-zero mixing in the electron and tau sectors around
0.03−0.04 was found, which could be probed for by improving the LFC searches that
currently lead to that preference, as well as through τ−e LFV transitions. At the 2σ
level, upper bounds between 10−1 and 10−2 for all elements were derived with a most
stringent constraint on the mixing in the e− µ sector an order of magnitude better
from the µ → eγ process. While this is by far the present dominant bound, it will
be superseded in the future by µ → eee and/or µ − e conversion in nuclei searches.
Apart from this and other improvements in the datasets considered, this level of
mixing is challenging but still plausible to probe at future collider [125,142,188,189]
and dedicated neutrino oscillation searches [103,164].
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Chapter 3
One-loop global constraints on the
3N-SS
3.1 Parametrization
In this work we explore the constraints that can be derived through various EW
observables on the extra neutrino mass eigenstates mixing with charged leptons in a
Seesaw scenario:
L = LSM − 1
2
N iR(MN)ijN
cj
R − (YN)iαN iRφ†`αL + h.c. . (3.1)
Here, φ denotes the SM Higgs field, which breaks the EW symmetry after acquiring
its vev vEW. We have also introduced the Majorana mass MN allowed for the right-
handed neutrinos N iR as well as the Yukawa couplings between the neutrinos and the
Higgs field. We will restrict our study to the extension of the SM by 3 right-handed
neutrino fields. The vev of the Higgs will induce Dirac masses mD = vEWYN/
√
2.
Thus, the full 6 × 6 mixing matrix U is the unitary matrix that diagonalizes the
extended neutrino mass matrix:
UT
 0 mTD
mD MN
U =
 m 0
0 M
 , (3.2)
where m and M are diagonal matrices containing respectively the masses of the 3
light νi and 3 heavy Ni mass eigenstates. The diagonalizing matrix U can be written
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as [119]:
U =
 c s
−s† cˆ
 UPMNS 0
0 I
 , (3.3)
where  c s
−s† cˆ
 ≡

∞∑
n=0
(−ΘΘ†)n
(2n)!
∞∑
n=0
(−ΘΘ†)n
(2n+ 1)!
Θ
−
∞∑
n=0
(−Θ†Θ)n
(2n+ 1)!
Θ†
∞∑
n=0
(−Θ†Θ)n
2n!
 (3.4)
and UPMNS is, approximately, the PMNS matrix measured in neutrino oscillation
experiments up to the non-Unitary (Hermitian) corrections from c. For alternative
parametrizations of the full mixing matrix see Refs [66,162,163,190,191]. Indeed, due
to this Hermitian correction, the actual PMNS matrix appearing in charge current
interactions mixing the light neutrinos and charged leptons will, in general, not be
Unitary and we will refer to it as N :
N = c UPMNS (3.5)
The general matrix Θ, representing the mixing between active (νe, νµ and ντ ) and
heavy (N1, N2 and N3) neutrino states, and the mass eigenstates m and M are
determined from Eq. (3.2) which leads to:
c∗U∗PMNSmU
†
PMNSc = −s∗Ms†. (3.6)
In the Seesaw limit, that is MN  mD, these conditions reduce to the well-known
results:
Θ ' m†DM−1N
U∗PMNSmU
†
PMNS ' −mtDM−1N mD ≡ −mˆ
M ' MN . (3.7)
Notice that, naively, the mixing between the active and heavy neutrinos ΘΘ† ∼
m/M and, given the smallness of neutrino masses m, the mixing effects we will study
here would be unobservably small. However, in the context of Seesaw mechanisms
with an approximate conservation of B − L such as the inverse [192, 193] or the
linear [194] Seesaws, this symmetry suppresses the neutrino mass m while allowing a
sizable mixing. This approximate symmetry not only ensures an equally approximate
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cancellation in the combination mtDM
−1
N mD leading to the observed neutrino masses
while allowing large -potentially observable- ΘΘ† = m†DM
−2
N mD, but also ensures
the radiative stability and technical naturalness of the scheme [122].
When extending the SM Lagrangian by only 3 new singlet (right-handed neu-
trino) fields essentially the only neutrino mass matrix with an underlying L symmetry
that leads to 3 heavy massive neutrinos is [123] (see also Ref. [124]):
mD =
vEW√
2

Ye Yµ Yτ
1Y
′
e 1Y
′
µ 1Y
′
τ
2Y
′′
e 2Y
′′
µ 2Y
′′
τ
 and MN =

µ1 Λ µ3
Λ µ2 µ4
µ3 µ4 Λ
′
 , (3.8)
with all i and µj small lepton number violating parameters (see also Ref. [126] for
a particular scenario where these small parameters arise naturally). Indeed, setting
all i = 0 and µj = 0, lepton number symmetry is recovered with the following L
assignments Le = Lµ = Lτ = L1 = −L2 = 1 and L3 = 0. In Eq. (3.7) this leads
to: mˆ = 0 (3 massless neutrinos in the L-conserving limit), M1 = M2 = Λ (a heavy
Dirac pair) and M3 = Λ
′ (a heavy decoupled Majorana singlet), but:
Θ =
vEW
2Λ

−iY ∗e Y ∗e 0
−iY ∗µ Y ∗µ 0
−iY ∗τ Y ∗τ 0
 ≡ 1√2

−iθe θe 0
−iθµ θµ 0
−iθτ θτ 0
 and ΘΘ† =

|θe|2 θeθ∗µ θeθ∗τ
θµθ
∗
e |θµ|2 θµθ∗τ
θτθ
∗
e θτθ
∗
µ |θτ |2
 .
(3.9)
Thus, vanishing light neutrino masses can still be associated with arbitrarily
large mixing between the heavy Dirac pair and active neutrinos and, for these kind
of Seesaw scenarios, the bounds on the mixing we will explore are complementary
and independent to the stringent constraints on the absolute light neutrino mass
scale.
The small L-violating parameters i and µj will induce small non-zero neutrino
masses and mixing among these light mass eigenstates but will only translate in
negligible perturbations to the matrix Θ. With the simple form in Eq. (3.9) for
the heavy-active mixing, the series expansions in Eq. (3.4) can be added exactly
obtaining:
s =
sin θ
θ
Θ and c = I − 1− cos θ
θ2
ΘΘ†, (3.10)
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with
θ =
√
|θe|2 + |θµ|2 + |θτ |2. (3.11)
Regarding the role of the i and µj parameters in the generation of the light
neutrino masses and mixings observed in neutrino oscillations, all of them except µ1
and µ3 will lead to mˆ 6= 0 through Eq. (3.7) when switched on:
mˆ =
(
µ2 +
µ24
Λ′
)
mtDΛ
−2mD − 1m′tDΛ−1mD − 1mtDΛ−1m′D + 22m′′tDΛ′−1m′′D
+ 2
µ4
Λ′
(
mtDΛ
−1m′′D + m
′′t
DΛ
′−1mD
)
, (3.12)
with
mD ≡ vEW√
2
(Ye, Yµ, Yτ ), m
′
D ≡
vEW√
2
(Y ′e , Y
′
µ, Y
′
τ ) and m
′′
D ≡
vEW√
2
(Y ′′e , Y
′′
µ , Y
′′
τ ) .
(3.13)
Indeed, even though µ1 and µ3 do violate L, upon their inclusion the mass matrix in
Eq. (3.2) does not increase its rank, which, in absence of the other i and µj, is only
3 and thus 3 massless eigenstates are still recovered1. The parameters µ2 and µ4 do
contribute at tree level to generate light neutrino masses, however, their effect can
be absorbed in a redefinition of the vectors m′D and m
′′
D as follows:
1m
′
D → 1m′D −
µ2
2Λ
mD and 2m
′′
D → 2m′′D −
µ4
Λ
mD (3.14)
up to contributions with two extra powers of the small L-violating parameters. Thus,
in presence of non-zero i, it is enough to consider their contribution to the generation
of neutrino masses which reads:
mˆ = 1m
′t
DΛ
−1mD + 1mtDΛ
−1m′D + 
2
2m
′′t
DΛ
′−1m′′D. (3.15)
Notice that the last term in Eq. (3.15) is suppressed by two powers of 2 while the
others only by one power of 1. However, 2 (and µ3 and µ4) violates L by one unit
while 1 (and µ1 and µ2) by 2. Hence, if the source of L-violation is by one unit
it is expected that 1 ∼ 22. Thus, for full generality, we will keep the last term in
Eq. (3.15). The six free parameters encoded in m′D and m
′′
D allow to give mass to
the three mass eigenstates observed in neutrino oscillations as well as the possibility
1Notice that, even if µ1 and µ3 do not induce neutrino masses at tree level, the L symmetry
protecting them is now broken and loop contributions would appear instead [195].
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of reproducing any mixing pattern including the, yet unknown, CP-violating phases
of Dirac and Majorana types encoded in the PMNS matrix, while leaving mD, and
hence Θ, s and c, mostly unconstrained2. One of the three elements of mD is,
however, fixed by the other two, the values of the light mass eigenstates and the
elements of the PMNS matrix when solving for Eq. (3.15) obtaining the following
relation:
Yτ ' 1
mˆ2eµ − mˆeemˆµµ
(Ye (mˆeµmˆµτ − mˆeτmˆµµ) +
Yµ (mˆeµmˆeτ − mˆeemˆµτ )−
√
Y 2e mˆµµ − 2YeYµmˆeµ + Y 2µ mˆee×
×
√
mˆ2eτmˆµµ − 2mˆeµmˆeτmˆµτ + mˆeemˆ2µτ + mˆ2eµmˆττ − mˆeemˆµµmˆττ
)
,
(3.16)
where mˆ = −U∗PMNSmU †PMNS is the mass matrix of the flavour eigenstates. Thus, in
our numerical exploration of the parameter space in Section 3.3 we will consider the
9 free parameters summarized in Table 3.1.
An alternative parametrization extensively used in the literature is the so-
called Casas-Ibarra parametrization [202]. This parametrization introduces the ma-
trix R = iM−1/2mDUPMNSm−1/2 exploiting the fact that, from Eq. (3.7), R has to
be (complex) orthogonal. The main advantage of this parametrization is the abil-
ity to easily recover the Yukawa couplings through the heavy mass eigenvalues M
and the low energy observables UPMNS and m together with the elements of R as
mD = −iM1/2Rm1/2U †PMNS. However, the physical range of the parameters con-
tained in R can be cumbersome and a physical interpretation of their values is not
immediately transparent, see Ref. [203] for a detailed discussion. Moreover, these
relations only hold at tree level3. Thus, when values of R are chosen so as to allow
sizable low energy phenomenology through large Yukawas and low M , it is impor-
tant to check if the pattern displays an approximate B − L symmetry. Otherwise,
loop corrections to the unprotected Weinberg operator, that is to UPMNS and m, will
exceed present constraints even if their values were correct at tree level. For this
reason we rather chose to perform the scan through the parameters summarized in
Table 3.1.
2In contrast, neglecting the last term in Eq. (3.15) would lead to the more constrained scenario
explored in detail in Ref. [196], with a massless neutrino and a mixing pattern in Θ, s and c
determined up to an overall factor from the observed neutrino oscillation parameters. This scenario
has also been studied in Refs. [197–201]
3See Ref. [204] for a generalization of the Casas-Ibarra approach to loop level.
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Parameter |Ye| × |Yµ| |Ye| − |Yµ| m1 [eV] Λ [GeV] Phases: αe, αµ, δ, α1 & α2 Osc. data
Range (0, 10−4) (−0.1, 0.1) (10−5, 1) (103, 104) (0, 2pi) fixed [127]
Table 3.1: The 9 free parameters of our scan: the modulus and phase of the electron
and muon Yukawas |Ye|, |Yµ|, αe and αµ, the Majorana mass scale Λ, the absolute
neutrino mass m1 and the 3 yet unknown CP-violation phases (Dirac and Majorana)
in the PMNS mixing matrix: δ, α1 and α2. The PMNS mixing angles and mass
splittings are fixed to their best fit from the global analysis in Ref. [127].
At energies much below the masses of the heavy neutrinos Λ and Λ′ the effects of
their mixing Θ manifest dominantly through deviations from unitarity of the lepton
mixing matrix N . Since any general matrix can be parametrized as the product of
an Hermitian and a Unitary matrix, these deviations from unitarity have been often
parametrized as [103]:
N = (I − η)UPMNS (3.17)
where the small Hermitian matrix η (also called  in other works) corresponds to
the coefficient of the only dimension 6 operator obtained at tree level upon inte-
grating out the heavy right-handed neutrinos in a Seesaw scenario [102] and, in our
parametrization it would be given from Eqs. (3.5) and (3.10) by:
η =
1− cos θ
θ2
ΘΘ†. (3.18)
3.2 Observables
In this section we introduce the list of observables used for our analysis. While a more
comprehensive set could be considered (see for example Ref. [116]), we have rather
chosen the most representative of these observables since extending the analysis to
the loop level for the whole set would be cumbersome and the dominant constraints
as well as the main effects pointed out in [115] are contained in a smaller subset. We
will thus present both the 1-loop contributions and the experimental constraints for
a total of 13 observables. The loop amplitudes of the processes have been computed
exploiting the Goldstone-boson equivalence theorem [205] under the assumption that
the mass of the extra neutrinos Mi is larger than the gauge boson masses; i.e. Mi >
MW,Z . Thus, we have made the simplifying assumption that the most relevant loop
corrections are those were the loops are mediated by either the Higgs boson, h, the
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Goldstone bosons φ± and φ0 or the heavy Majorana neutrinos. Indeed, this forces the
vertexes to involve the potentially large Yukawa couplings (the only couplings that
can be relevant at the loop level) and the corrections from including the transverse
components are suppressed by M2W,Z/M
2
N . The set of 13 independent observables
analyzed in this study is composed of:
• 8 ratios constraining electroweak universality: Rpiµe, Rpiτµ, RWµe, RWτµ, RKµe, RKτµ,
Rlµe, R
l
τµ
• The invisible Z width
• The W mass MW
• 3 rare flavour-changing decays: µ→ eγ, τ → µγ and τ → eγ
All of them will be determined as a function of the three most precise electroweak
measurements: α, MZ and Gµ (GF as measured from µ decay) [128]:
α = (7.2973525698± 0.0000000024)× 10−3,
MZ = (91.1876± 0.0021) GeV, (3.19)
Gµ = (1.1663787± 0.0000006)× 10−5 GeV−2.
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FIG. 1: 1-loop correction of the new heavy neutrinos to W and Z propagators.
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FIG. 2: 1-loop corrections to µ decay.
with
δG = 2Re[VWe + VW∗µ + δCT We + δCT W∗µ + Bµe] (21)
and where δuniv NW is the flavour-universal W propagator correction, δ
CT W
l and VWl are the
flavour-dependent lepton propagator and vertex contributions (see Eqs. (55) and (57) in
the Appendix), and Bµe encodes the box diagram contribution computed in Eq. (59) in the
Appendix.
From Eq. (20), we find:
G2µ = G
2
F
(
1− |θe|2 − |θµ|2 + 2δuniv NW + δG
)
. (22)
The second and third terms in Eq. (22) correspond to the tree level correction, the
fourth term is the universal 1-loop oblique correction which is given in Eq. (67) of the
Appendix. This particular expression, when used in an observable mediated by the Z and
thus corrected through 2δuniv NZ , leads to a common correction to these observables given by
1− |θe|2 − |θµ|2 − 2αT (see Eqs. (67) and (63)). This common dependence on the tree level
and oblique corrections is the source of the cancellation analyzed in Ref. [24].
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Figure 3.1: 1-loop correction of the new heavy neutrinos to W and Z propagators.
All observables will receive contributions from the loop corrections to the W
and Z boson propagators through the diagrams in Fig. 3.1. These contributions are
encoded in the flavour-universal corrections δunivW,Z that can be found in Eq. (A.21) in
Appendix A. We now list the further corrections exclusive to each of the observables
considered:
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3.2.1 Muon decay, GF and MW
Our input value for GF is determined through µ decay, but this process will re-
ceive corrections both at the tree and the loop level (see Fig. 3.2). Thus, the value
determined from µ decay, Gµ, is related to GF by:
= +
W W W
N
l
W
= +
Z Z Z
N
N
Z
FIG. 1: 1-loop correction of the new heavy neutrinos to W and Z propagators.
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CT W
l and VWl are the
flavour-dependent lepton propagator and vertex contributions (see Eqs. (55) and (57) in
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Figure 3.2: 1-loop corrections to µ decay.
Γµ =
m5µG
2
F
192pi3
(
1− |θe|2 − |θµ|2 + 2δuniv NW + δG
) ≡ m5µG2µ
192pi3
, (3.20)
with
δG = 2Re[VWe + VW∗µ + δCT We + δCT W∗µ + Bµe] (3.21)
and where δuniv NW is the flavour-universal W propagator correction, δ
CT W
l and VWl
are the flavour-dependent lepton propagator and vertex contributions (see Eqs. (A.9)
and (A.11) in Appendix A), and Bµe encodes the box diagram contribution computed
in Eq. (A.13) in Appendix A.
From Eq. (3.20), we find:
G2µ = G
2
F
(
1− |θe|2 − |θµ|2 + 2δuniv NW + δG
)
. (3.22)
The second and third terms in Eq. 3.22) correspond to the tree lev l correction,
the fourth term is the universal 1-loop blique corre tion wh ch is given in Eq. (A. 1)
of Appendix A. This particular expression, when used in an observable mediated by
the Z and thus corrected through 2δuniv NZ , leads to a common correction to these
observables given by 1 − |θe|2 − |θµ|2 − 2αT (see Eqs. (A.21) and (A.17)). This
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common dependence on the tree level and oblique corrections is the source of the
cancellation analyzed in Ref. [115].
The the W mass is also correlated to GF through
M2W =
piα√
2GF s2W(1−∆r)
, (3.23)
with ∆r = 0.03639∓ 0.00036± 0.00011 [128]. Thus, the corrections induced at both
the tree and loop levels by the heavy neutrinos from Eq. (3.22) can be probed by the
measurement of MW in LEP and Tevatron [128]:
MW = 80.385± 0.015 GeV. (3.24)
3.2.2 Invisible Z width
The determination of the number of light active neutrinos by LEP through the
invisible width of the Z provides a constraint to heavy neutrino mixing already at
the tree level. Additional loop corrections are induced through the diagrams in
Fig. 3.3 which lead to:
Γinv =
3∑
i,j=1
GFM
3
Zρ
24
√
2pi
(Zij + Zji) , (3.25)
where ρ encodes the SM loop corrections to the process and
Zij = |Cij|2
(
1 + δunivZ
)
+ 2Re
[
C∗ij
(
δCT Zij + VZij
) ]
, (3.26)
with
Cij =
∑
α=e,µ,τ
U∗αiUαj . (3.27)
and δCT Zij and VZij the lepton and vertex corrections shown in Eqs. (A.10) and (A.12)
in Appendix A.
Eq. (3.25) is often used to determine the number of active neutrinos Nν lighter
than MZ/2 as:
Γinv =
GFM
3
ZρNν
12
√
2pi
, (3.28)
The measurement by LEP of Γinv = (0.4990± 0.0015) GeV combined with Eq. (3.28)
leads to [128]:
Nν = 2.990± 0.007 . (3.29)
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We will exploit this result together with Eq. (3.25) to derive constraints on Cij and,
hence, on the heavy neutrino mixings.
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FIG. 3: 1-loop corrections to the invisible decay of the Z.
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FIG. 4: 1-loop corrections to weak universality ratios.
Thus, the general expression for the ratio of lepton flavours α and β is given by:
Rαβ = R
SM
αβ
1− |θα|2 + 2Re
[VWα + δCT Wα ]
1− |θβ|2 + 2Re
[VWβ + δCT Wβ ] , (30)
where RSMαβ is the SM value for this ratio, for example, for π decay:
RπSMαβ =
(
mα (m
2
π −m2α)
mβ
(
m2π −m2β
))2 1
1 + δRπαβ
(31)
and where δRπαβ are the SM radiative corrections to this process [53]. Notice that the
flavour-universal contributions from the W propagator cancel in the ratio.
The predicted values of these ratios are computed through Eqs. (30) and (31) with data
form [52, 54] and compared to the experimental measurements of the decay rates in our
global fit. This data is summarized in Table II.
D. Rare decays
The presence of extra heavy neutrinos beyond the three light ones participating in low
energy weak processes induces deviations from unitarity in the PMNS matrix. Thus, the
GIM cancellation [55] suppressing flavour-changing processes does not take place and strong
constraints on the presence of these extra neutrinos can be derived. Moreover, the extra
heavy neutrinos themselves also mediate the flavour-changing processes, such as radiative
leptons decays lα → lβγ in Fig. 5. The contribution from both the heavy and light neutrinos
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Figure 3.3: 1-loop corrections to the invisible decay of the Z.
3.2.3 Universality ratios
Electroweak coupling universality is strongly constrained through ratios of leptonic
decays of K, pi, W or charged leptons. In these ratios many uncertainties cancel and
a clean constraint can be derived. These observables are corrected both at the tree
and loop level, for instance, Rpiµe = Γ (pi
− → µνµ) /Γ (pi− → eνe) is corrected by the
diagrams in Fig. 3.4.
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Thus, the general expression for the ratio of lepton flavours α and β is given by:
Rαβ = R
SM
αβ
1− |θα|2 + 2Re
[VWα + δCT Wα ]
1− |θβ|2 + 2Re
[VWβ + δCT Wβ ] , (30)
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Thus, the general expression for the ratio of lepton flavors α and β is given
by:
Rαβ = R
SM
αβ
1− |θα|2 + 2Re
[VWα + δCT Wα ]
1− |θβ|2 + 2Re
[VWβ + δCT Wβ ] , (3.30)
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BR (pi+ → e+νe) (1.230± 0.004)× 10−4
BR (pi+ → µ+νµ) (99.98770± 0.00004) %
BR (τ− → pi−ντ ) (10.83± 0.06) %
BR (K+ → e+νe) (1.581± 0.008)× 10−5
BR (K+ → µ+νµ) (63.55± 0.11) %10−5
BR (τ− → K−ντ ) (7.00± 0.10)× 10−3
BR (W+ → e+νe) (10.71± 0.16) %
BR (W+ → µ+νµ) (10.63± 0.15) %
BR (W+ → τ+ντ ) (11.38± 0.21) %
BR (τ− → µ−νµντ ) (17.41± 0.04) %
BR (τ− → e−νeντ ) (17.83± 0.04) %
τpi± (2.6033± 0.0005)× 10−8 s
τK± (1.2380± 0.0021)× 10−8 s
ττ (290.3± 5.0)× 10−15 s
τµ (2.1969811± 0.0000022)× 10−6 s
mpi± 139.57018± 0.00035 MeV
mK± 493.677± 0.016 MeV
MW 80.385± 0.0015 MeV
me 0.510998928± 0.000000011 MeV
mµ 105.6583715± 0.0000035 MeV
mτ 1776.82± 0.16 MeV
δRpiµe (−0.374± 0.001)
δRpiµτ (0.0016± 0.0014)
δRKµτ (0.0090± 0.0022)
Table 3.2: Input values used for the constraints on weak universality from ratios of
meson and charged lepton decays.
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where RSMαβ is the SM value for this ratio, for example, for pi decay:
RpiSMαβ =
(
mα (m
2
pi −m2α)
mβ
(
m2pi −m2β
))2 1
1 + δRpiαβ
(3.31)
and where δRpiαβ are the SM radiative corrections to this process [206]. Notice that
the flavour-universal contributions from the W propagator cancel in the ratio.
The predicted values of these ratios are computed through Eqs. (3.30) and (3.31)
with data form [128, 130] and compared to the experimental measurements of the
decay rates in our global fit. This data is summarized in Table 3.2.
3.2.4 Rare decays
The presence of extra heavy neutrinos beyond the three light ones participating in
low energy weak processes induces deviations from unitarity in the PMNS matrix.
Thus, the GIM cancellation [136] suppressing flavour-changing processes does not
take place and strong constraints on the presence of these extra neutrinos can be
derived. Moreover, the extra heavy neutrinos themselves also mediate the flavour-
changing processes, such as radiative leptons decays lα → lβγ in Fig. 3.5. The
contribution from both the heavy and light neutrinos is given by:
Γ (lα → lβγ)
Γ (lα → lβνανβ) =
3α
32pi
∣∣∣ 6∑
k=1
UαkU
†
kβF (xk)
∣∣∣2
(UU †)αα (UU
†)ββ
(3.32)
where xk ≡ M
2
k
M2W
, and F (xk) is given by:
F (xk) ≡ 10− 43xk + 78x
2
k − 49x3k + 4x4k + 18x3k lnxk
3(xk − 1)4 . (3.33)
Thus, for heavy neutrino masses much larger than MW :
Γ (lα → lβγ)
Γ (lα → lβνανβ) '
3α
32pi
|θαθ∗β|2(F (∞)− F (0))2. (3.34)
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The prediction from Eq. (3.32) will be compared with the existing upper bounds
from [128]:
BRµe < 5.7× 10−13 , (3.35)
BRτe < 3.3× 10−8 , (3.36)
BRτµ < 4.4× 10−8 . (3.37)
Notice that these bounds are quoted at the 90% CL so they will be rescaled to 1σ
to build the corresponding contribution to the χ2 function.
Γµ→e =
µ eNk
φ− φ−
γ
+ ...
2
FIG. 5: Extra neutrino contributions to the µ→ eγ decay.
is given by:
Γ (lα → lβγ)
Γ (lα → lβνανβ) =
3α
32π
∣∣∣ 6∑
k=1
UαkU
†
kβF (xk)
∣∣∣2
(UU †)αα (UU
†)ββ
(32)
where xk ≡ M
2
k
M2W
, and F (xk) is given by:
F (xk) ≡ 10− 43xk + 78x
2
k − 49x3k + 4x4k + 18x3k ln xk
3(xk − 1)4 . (33)
Thus, for heavy neutrino masses much larger than MW :
Γ (lα → lβγ)
Γ (lα → lβνανβ) ≃
3α
32π
|θαθ∗β|2(F (∞)− F (0))2. (34)
The prediction from Eq. (32) will be compared with the existing upper bounds from [52]:
BRµe < 5.7× 10−13 , (35)
BRτe < 3.3× 10−8 , (36)
BRτµ < 4.4× 10−8 . (37)
Notice that these bounds are quoted at the 90% CL so they will be rescaled to 1σ to build
the corresponding contribution to the χ2 function.
IV. RESULTS
A. Constraints from the global fit
With the 13 observables discussed in Section III we build a χ2 function depending on the 9
parameters listed in Table I. Given the large dimensionality of the parameter space, we make
use of Markov chain Monte Carlo (MCMC) techniques for eﬃcient parameter exploration.
In particular, we implement importance sampling based on the Likelihood obtained from
the observables through a Metropolis-Hastings algorithm. The range in which the 9 free
parameters are varied is also summarized in Table I. We have run simultaneously 5 diﬀerent
chains through the MCMC algorithm and have verified that good convergence (better than
R − 1 < 0.035 [56]) for all parameters has been achieved. The results of the runs thus
provide a good sample of the χ2 values in the preferred regions of the parameter space and
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Figure 3.5: Extra neutrino contributions to the µ→ eγ decay.
3.3 Results
3.3.1 Constraints from the global fit
With the 13 observables discussed in Section 3.2 we build a χ2 function depending on
the 9 parameters listed in Table 3.1. Given the large dimensionality of the parameter
space, we make use of Markov chain Monte Carlo (MCMC) techniques for efficient
parameter exploration. In particular, we implement importance sampling based on
the Likelihood obtained from the observables through a Metropolis-Hastings algo-
rithm. The range in which the 9 free parameters are varied is also summarized in
Table 3.1. We have run simultaneously 5 different chains through the MCMC algo-
rithm and have verified that good convergence (better than R− 1 < 0.035 [207]) for
all parameters has been achieved. The results of the runs thus provide a good sample
of the χ2 values in the preferred regions of the parameter space and have been used
to marginalize over different subsets of the model parameters. In this way, we will
present 2D and 1D frequentist contours on the more phenomenologically relevant
parameters of the model. The post-processing of the chains to derive the allowed
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confidence regions has been performed with the MonteCUBES [208] user interface.
In Fig. 3.6 we show the results of our MCMC scan for the 2 degrees of free-
dom constraints of different combinations of the heavy-active mixings θα defined in
Eq. (3.9). The contours correspond to the 1σ, 90% and 2σ frequentist confidence
regions. The upper panels show the bounds in the two combinations we choose to
more directly sample (see Table 3.1): |θe| × |θµ| and |θe| − |θµ|. The rationale behind
this is apparent upon inspection of Fig. 3.6. Indeed, the constraints on the product
are more than one order of magnitude smaller than those derived from the difference
of the couplings
√|θe| × |θµ|  ||θe|− |θµ||, leading to a very pronounced hyperbolic
degeneracy in the panels of the middle row, which contain the same information
directly depicted as a function of θe and θµ. Thus, this particular choice of sam-
pling parameters allowed to scan the hyperbolic degeneracy much more efficiently
and speed the convergence of the MCMC. This very strong constraint in |θe| × |θµ|
stems from the strong bound on µ → eγ from MEG that, from Eq. (3.34), sets a
very stringent limit on |θµθ∗e |.
Finally, the lower panels of Fig. 3.6 contain the constraints derived for the
mixing with the τ flavour θτ . Notice that Yτ , and hence θτ , was not a free parameter
of the fit but was rather obtained from the other two Yukawas and the light neutrino
masses and mixings from Eq. (3.16). This is the source of the observed correlation
between the values of θe and θτ . Notice also that, since the particular pattern of light
neutrino masses plays an important role in Eq. (3.16), the left (normal hierarchy)
and right (inverted hierarchy) panels of Fig. 3.6 display different correlations.
In Fig. 3.7 we show the individual constraints that can be derived on θe, θµ, and
θτ (from top to bottom) for a normal (left) and an inverted (right) hierarchy after
marginalizing over all other parameters. We generally find a slight improvement of
the fit to the observables considered when some amount of mixing is present. In
particular, we find that non-zero mixing with the electron is preferred at around the
90% CL by our dataset. Mixing with the tau flavour is also favoured for normal
hierarchy due the correlations implied by Eq. (3.16). At the 1σ level, mixing with
the µ flavour is significantly constrained due to the preference of some universality
bounds (from pi and τ decays) for a slightly reduced coupling to the electron with
respect to the muon. Thus, since universality constraints are corrected by 1 − |θα|
for each flavour, a non-zero θe is preferred in the fit while θµ is kept at small values
to satisfy the constraint from µ → eγ. Beyond the 1σ level, the mixing with the
electron is allowed to become small and thus the constraint on µ mixing at 2σ is
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Figure 3.6: Contours for θe, θµ and θτ at 1σ (red), 90% CL (black) and 2σ (blue).
The left panels are obtained for normal hierarchy and the right for inverted.
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Figure 3.7: ∆χ2 (marginalized over all other parameters) for θe, θµ and θτ . Left
panels show results for a normal hierarchy and right panels for inverted hierarchy.
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much weaker than naively expected from the 1σ region. The limits of the 1 and 2σ
regions for the three mixing parameters are summarized in Table 3.3.
θe θµ θτ
1σ 2σ 1σ 2σ 1σ 2σ
NH 0.034+0.009−0.014 < 0.050 < 3.2 · 10−4 < 0.037 0.018+0.019−0.013 < 0.049
IH 0.035+0.009−0.014 < 0.051 < 3.3 · 10−4 < 0.037 < 0.031 < 0.044
Table 3.3: Constraints on θe, θµ, and θτ for normal and inverted hierarchy.
In Fig. 3.8 we show a comparison of the breakdown of the contributions of
the different observables to the total χ2 for the SM (left panel) and our best fit
(middle panel) as well as the difference of the two (right panel). It can be seen
that some of the existing tension of the SM with the invisible width of the Z can
be alleviated by the presence of heavy neutrino mixings and also the agreement
between the kinematic determination of MW and its SM value from GF , α and MZ
is improved. As already discussed, the universality constraints from pi and τ decays
are also in better agreement when some mixing with the electron is present. On
the other hand, universality tests from kaon decays rather point in the opposite
direction. Thus, at the end, the preference for non-vanishing heavy-active mixing is
mild and the final improvement of the χ2 with respect to the SM value is 3.7, not
quite reaching the 2σ level. Notice that, even if the number of free parameters in
the fit is rather high, the observables actually depend on the combinations |θe|, |θµ|
and |θτ | only (and Λ when loop corrections are relevant). Thus, the reduction by 3.7
of the χ2 should be attributed to the introduction of 3 (or 4) new parameters rather
than 9.
Regarding the importance of the loop effects considered, we have performed a
second set of MCMC runs where all loop corrections have been removed. The results
of these simulations are essentially identical to the ones stemming from the full com-
putation. By adding to the chain output also the value that the T parameter took in
the simulations, we find that its preferred values are ∼ 10−7 − 10−6, negligible with
respect to the best fit values of the tree level contributions. In order to understand
this apparent lack of relevance of the loop corrections and the T parameter in par-
ticular, in direct contrast to the results presented in [115], we will now analyze in
further detail the regions of the parameter space in which T could be relevant and
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χ2(SM) χ2(BF ) ∆χ2(SM)
Figure 3.8: Contributions from the different observables to the χ2. Left plot shows
the SM values. Middle plot shows the contributions from three right-handed neu-
trinos in the best-fit point. Right plot shows ∆χ2i ≡ χ2i (SM) − χ2i (BF ) for every
observable i.
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the necessary conditions for the cancellation with the tree level contributions to take
place.
3.3.2 The T parameter
The leading contributions (not suppressed by the light neutrino or charged lepton
masses) to the T parameter are given by [115]:
αT =
α
8pis2WM
2
W
(∑
α,β,i,j
(
U∗αiUαjUβiU
∗
βjfij + U
∗
αiUαjU
∗
βiUβjgij
))
, (3.38)
where
fij =
M2iM
2
j
M2i −M2j
ln
Mi
Mj
and gij =
2MiM
3
j
M2i −M2j
ln
Mi
Mj
, (3.39)
and where Mi are the neutrino mass eigenvalues. In [209, 210] it was shown that
several of the most constraining observables, notably the Z decay to charged leptons
and sin2 θeffw [211], depended on the combination:
(NN †)ee(NN †)µµ − 2αT ' 1− |θe|2 − |θµ|2 − 2αT. (3.40)
Since from Table 3.3 |θe|2 + |θµ|2 ∼ 10−3, 2αT must be of similar order so as to be
competitive with the tree contribution. From Eq. (3.38)
2αT ' αΛ
2|θα|4
16pis2WM
2
W
, (3.41)
where Λ is the mass scale of the heavy neutrinos and θα/
√
2 their mixing with the
flavour states from Eq. (3.9). Thus, in order for 2αT ∼ |θα|2 it is necessary that
Λ ∼ 10− 100 TeV. And, since |θα|2 ∼ |Yα|2v2EW/2Λ2 ∼ 10−3, then |Yα| ∼ 1− 10, on
the very limit of perturbativity but, a priori, an interesting possibility.
Furthermore, notice that the second term in Eq. (3.38) has the typical structure
in the elements of the mixing matrix U of L-violating processes, such as, for example,
neutrinoless double β decay. Indeed, this term stems from the correction to the Z
propagator with two neutrinos running in the loop and a Majorana mass insertion
and it is easy to see that it vanishes in the limit of exactly conserved Lepton number,
taking all i and µj to zero. Thus, if B−L is approximately conserved, the first term
in Eq. (3.38) dominates the contribution to T . However, it can be shown that the
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Figure 3.9: T parameter versus 1-loop correction to mν for different values of the
L-violating parameters µ1 and µ3.
matrix fij is positive semi-definite for three extra heavy neutrinos or less
4 and can
then be diagonalized as fij =
∑
k VikλkV
∗
jk, where V is a Unitary matrix and λk ≥ 0.
Thus, if B − L is approximately conserved:
αT ∼ α
8pis2WM
2
W
∑
α,β,i
∣∣∣∣∣∑
k
U∗αiUβiVik
√
λk
∣∣∣∣∣
2
≥ 0. (3.42)
But from Eq. (3.40) T < 0 is mandatory so as to have the cancellation between T
and |θα|2 discussed in [115]. Thus, significant violations of B − L are necessary so
that the second term in Eq. (3.38), which is allowed to be negative, can dominate
over the first.
Notice that, for arbitrary values of the B − L-violating parameters i and µj,
Eq. (3.8) is a completely general parametrization of a type-I Seesaw mechanism with
three extra right-handed neutrinos. But, given Eq. (3.12), only µ1 and µ3 are allowed
to be sizable given the present constraints on the light neutrino masses and mixings.
4Preliminary explorations indicate that this argument can be generalized to more extra heavy
neutrinos.
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If |µ1|  Λ,Λ′, µ3 a negative T can indeed be obtained:
T ' v
4
EW
32pis2WM
2
Wµ
2
1
(∑
α
|Yα|2
)2 (
3− 4 log
(µ1
Λ
))
. (3.43)
If both µ1 and µ3 are simultaneously included and dominate over the L-conserving
Λ and Λ′ then T is given by:
T ' v
4
EW
64pis2WM
2
W
(∑
α
|Yα|2
)2 6µµ1 − (3µ21 + µ2) log (µ+µ1µ−µ1)
µ3µ1
, (3.44)
where µ =
√
µ21 + 4µ
2
3. In this limit, negative values of T are also easily accessible.
However, the price to pay is high, the approximate B − L symmetry protecting
the Weinberg operator despite the Yukawas at the very border of perturbativity
and the low Seesaw scale, has been strongly broken by µ1 and µ3. While this does
not induce any dangerous corrections to neutrino masses at tree level, and hence
when working with the Casas-Ibarra parametrization as in Ref. [115] the correct
masses and mixings seem to be recovered, loop corrections need to also be taken
into account since no protecting symmetry can now suppress them. Indeed, the
loop contributions mediated by µ1 and µ3 to the light neutrino masses are found to
be [195,212–215]:
∆mναβ =
YαYβ
32pi2µ
(
3M2Zf(MZ) +M
2
hf(Mh)
)
, (3.45)
with:
f(M) =
(µ+ µ1)
2 log
(
µ+µ1
2M
)
(µ+ µ1)
2 − 4M2 −
(µ− µ1)2 log
(
µ−µ1
2M
)
(µ− µ1)2 − 4M2
. (3.46)
These corrections can indeed be sizable and in Fig. 3.9 we show the values that the
loop contribution to the light neutrino masses take in order to recover a given value
for −2αT for different values of µ1 and µ3. From inspection of Eq. (3.46), the limit
of vanishing µ1 would render f(M) = 0, keeping under control the loop corrections
to neutrino masses5. However, from Eq. (3.44), |µ1| > 1.9|µ3| is necessary for T < 0.
Indeed, as can be seen in Fig. 3.9, if −2αT ∼ 10−3 so as to implement the cancellation
5In this limit with µ3  Λ,Λ′, L-symmetry is recovered with two degenerate neutrinos with
mass µ3 that form a Dirac pair. Hence, the symmetry ensures the stability of ν masses at loop level
but conversely drives T to positive values.
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between tree and loop level contributions, corrections to the light neutrino masses
ranging from ∼ 100 keV to ∼ 100 MeV, far exceeding present constraints, would be
obtained. Thus, we conclude that, while the qualitatively important cancellations
described in Ref. [115] can in principle take place and affect the constraints on the
heavy-active neutrino mixing for Yα ∼ 1 and Λ ∼ 10 TeV, in practice large violations
of the protecting B − L symmetry would be required, leading to too large radiative
corrections to light neutrino masses.
3.4 Conclusions
In this work we have analyzed in detail the importance of loop corrections when
deriving constraints on the mixing between the SM flavour eigenstates and the new
heavy neutrinos introduced in Seesaw mechanisms. Although naively the expecta-
tion is that radiative corrections involving these new states would be irrelevant given
their weaker-than-weak interactions due to their singlet nature and, a priori, sup-
pressed mixings with the SM neutrinos, Seesaw models allow Yukawa couplings to
be sizable, even order one. Thus, loop corrections involving Yukawa vertexes, when
the loops involve the heavy neutrinos and the Higgs or the W and Z Goldstones, can
indeed be sizable as shown in Ref. [115]. In that work, it was shown that, for the low
scale Seesaw mechanisms characterized by large Yukawas and low (electroweak) See-
saw scale, the contribution of the new degrees of freedom to the oblique parameters
could indeed become as important as the tree level effects in some regions of the pa-
rameter space. Moreover, it was observed that several observables shared a common
dependence between the T parameter and the tree level contribution, stemming from
the modification by these effects of the muon decay through which GF is determined
and subsequently used as input for other observables. Thus, a partial cancellation
between these tree and loop level contributions can significantly relax the bounds
derived from these observables. Indeed, in Ref. [115] a good fit with sizable mixing
was obtained in which the most stringent limits were avoided through this partial
cancellation while standing tensions between the SM and some observables like the
invisible width of the Z were alleviated.
We have extended the analysis performed in Ref. [115] to include also vertex
corrections and not only oblique parameters, since the sizable contributions from the
heavy Yukawas do not vanish when taking the light neutrinos and charged lepton
masses to zero. We find that, all in all, the oblique parameters do tend to dominate
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over the other loop corrections and their contribution could be sizable in some part
of the parameter space. However, our MCMC scan shows no preference for any
sizable loop corrections and the partial cancellation found in [115] is not reproduced.
We then studied in detail the values of the T parameter preferred by data through
our MCMC scan and saw that they were not only negligible, but always positive
in our results. Indeed, for the cancellation between tree level contributions and the
T parameter to take place, the latter must have negative values. We thus studied
the necessary conditions for sizable negative values of the T parameter and realized
that, not only sizable Yukawas and relatively low Seesaw scales are required, but also
large violations of B−L. We then identified the only parameters in the mass matrix
with three extra heavy neutrinos that could provide the necessary B − L violation
required for T to be negative and competitive with tree level contributions, while
keeping neutrino masses within their current bounds despite the large Yukawas, low
Seesaw scale and loss of protecting B − L symmetry. Finally, we studied how these
parameters would contribute to neutrino masses at loop level and found that, for
the size of T required for the cancellation to take place, light neutrino masses would
range from 10 keV to 100 MeV, effectively ruling out this possibility.
We conclude that loop level corrections are only relevant in a small fraction of
the Seesaw parameter space characterized by large Yukawa couplings and low Seesaw
scale and that these corrections tend to strengthen the tree level contributions unless
large deviations from B − L are present. If B − L is approximately conserved, data
thus prefer regions of the parameter space where these loops are irrelevant. On the
other hand, if B−L is strongly violated, the cancellation discussed in Ref. [115] can
indeed provide a good fit to data with a very relevant role of the loop contributions.
However, these large violations of B − L at loop level also lead to too large con-
tributions to the light neutrino masses and hence this possibility is ruled out. We
therefore conclude that loop corrections can safely be neglected in analyses of the
heavy neutrino mixings in Seesaw mechanisms.
Finally we have also obtained relevant constraints on this mixing when B − L
is an approximate symmetry, so as to recover the correct neutrino masses and mix-
ings observed in neutrino oscillation searches. We find a mild (∼ 90% CL) prefer-
ence for non-zero mixing with the e flavours with a best fit at θe = 0.034
+0.009
−0.014 or
θe = 0.035
+0.009
−0.014 for normal and inverted mass hierarchy respectively. In the case
of normal hierarchy, this preference also induces non-zero mixing with the τ flavour
θτ = 0.018
+0.019
−0.013 so as to recover the correct pattern of neutrino masses and mixings.
On the other hand, small θµ is preferred so as to keep µ → eγ at acceptable levels
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in presence of non-zero θe. At the 2σ level the following upper bounds are found:
θe < 0.051, θµ < 0.037 and θτ < 0.049.
Chapter 4
Testing non-unitarity at a neutrino
oscillation experiment
4.1 Non-unitarity and sterile neutrino phenomenol-
ogy comparison
In this section we will show how, under certain conditions, the phenomenology of
non-unitarity and sterile neutrino oscillations are equivalent to leading order in the
active-heavy mixing parameters, not only in vacuum but also in matter. If n extra
right-handed neutrinos are added to the SM Lagrangian, the full mixing matrix
(including both light and heavy states) can be written as
U =
N Θ
R S
 , (4.1)
where N represents the 3× 3 active-light sub-block (i.e., the PMNS matrix), which
will no longer be unitary1. Here, Θ is the 3 × n sub-block that includes the mixing
between active and heavy states, while the R and S sub-blocks define the mixing of
the sterile states with the light and heavy states, respectively. Note that both R and
S are only defined up to an unphysical rotation of the sterile states and that neither
of them will be involved when considering oscillations among active flavours.
1Note that this is true regardless whether the extra states are kinematically accessible or not.
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4.1.1 Non-unitarity case
In the case of non-unitarity, only the light states are kinematically accessible and the
amplitude for producing one of these states in conjunction with a charged lepton of
flavour α in a particular decay is proportional to the mixing matrix element N∗αi. In
the mass eigenstate basis, the evolution of the produced neutrino state is given by
the Hamiltonian [111]
H =
1
2E

0 0 0
0 ∆m221 0
0 0 ∆m231
+N †

VCC + VNC 0 0
0 VNC 0
0 0 VNC
N, (4.2)
where VCC =
√
2GFne and VNC = −GFnn/
√
2 are the charged-current (CC) and
neutral-current (NC) matter potentials, respectively. The oscillation evolution ma-
trix S0 in this basis is now defined as the solution to the differential equation
iS˙0 = HS0 (4.3)
with the initial condition S0(0) = I, I being the identity matrix. For a constant
matter potential, this equation has the formal solution
S0 = exp(−iHL). (4.4)
The amplitude for a neutrino in the mass eigenstate j to interact as a neutrino of
flavour β is given by the mixing matrix element Nβj, which means that the oscillation
probability will be given by
Pαβ = |(NS0N †)βα|2. (4.5)
Here Pαβ denotes the “theoretical” oscillation probabilities (although it should be
noted that they do not add up to one), defined as the ratio between the observed
number of events divided by the product of the SM-predicted flux times cross section.
In other words, Pαβ is the factor that would be needed to obtain the number of events
after convolution with the standard model flux and cross sections.
However, in practice neutrino oscillation experiments do not measure Pαβ. Most
present and future experiments rather determine the flux and cross sections via near
detector data and extrapolate to the far detector by correcting for the different
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geometries, angular apertures, and detection cross sections. In this scenario, the
oscillation probability would then inferred from the ratio
Pαβ = Rβ
Rα
, (4.6)
where Rβ and Rα are the observed event rates at the far detector and the correspond-
ing extrapolation of the near detector result, respectively. For the near detector, we
assume that the phases corresponding to the propagation of the light neutrinos have
not yet developed significantly and therefore S0 = I, resulting in the experimentally
inferred probability
Pαβ =
∣∣(NS0N †)βα∣∣2
((NN †)αα)2
. (4.7)
In the SM limit the matrix N becomes unitary and, thus, NN † = I and Pαβ = Pαβ
as expected.
4.1.2 Sterile neutrino case
In the sterile neutrino scenario, all of the states are kinematically accessible and the
full oscillation evolution matrix S, involving both light and heavy states, takes the
form
S = US0U †, (4.8)
where S0 is the full (3+n)×(3+n) evolution matrix expressed in the mass eigenbasis.
For vacuum oscillations, we find that S0 = diag(exp(−i∆m2j1L/2E)). Therefore, the
active neutrino 3× 3 sub-block S can be simplified to
Sαβ =
∑
i∈light
NαiS
0
ijN
∗
βj +
∑
J∈heavy
ΘαJΘ
∗
βJΦJ , (4.9)
where α, β stand for active neutrino flavors, ΦJ is the phase factor acquired by the
heavy state J as it propagates, and S0 is defined in the same way as in the non-
unitarity case.
In the limit of large mass squared splitting between the light and heavy states
(i.e., ∆m2iJL/E  1) the oscillations are too fast to be resolved at the detector and
only an averaged-out effect is observable. In this averaged-out limit, the cross terms
between the first and second term in the evolution matrix average to zero and we
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find
Pαβ = |Sαβ|2 =
∣∣∣∣∣∑
i
NαiS
0
ijN
∗
βj
∣∣∣∣∣
2
+O(Θ4) , (4.10)
which recovers the same expression as Eq. (4.5) up to the O(Θ4) corrections.2 Thus,
we can conclude that averaged-out sterile neutrino oscillations in vacuum are equiv-
alent to non-unitarity to leading order (this equivalence is indeed lost at higher
orders). We will therefore concentrate on this averaged-out limit for the rest of this
paper.
For oscillations in the presence of matter, the sterile neutrino oscillations will
be subjected to a matter potential that in the flavour basis takes the form
Hfmat =
V3×3 0
0 0
 , (4.11)
where
V3×3 =

VCC + VNC 0 0
0 VNC 0
0 0 VNC
 . (4.12)
If the matter potential is small in comparison to the light-heavy energy splitting
∆m2iJ/2E, the light-heavy mixing in matter will be given by
Θ˜αJ = ΘαJ +
2E
∆m2iJ
(δαeVCCΘeJ + ΘαJVNC) (4.13)
to first order in perturbation theory. In the limit ∆m2iJ/2E  VCC, VNC, we can
therefore neglect the difference between the heavy mass eigenstates in vacuum and
in matter, and apply Eq. (4.10). Thus, we conclude from this that the matter
Hamiltonian in the light sector can be computed in exactly the same way as for
the non-unitarity scenario and we therefore find the very same expressions for the
“theoretical” probability in Eq. (4.5) as for the non-unitarity case, at leading order
in Θ.
2Note that this expression is also applicable whenever the light and heavy states decohere due
to wave packet separation.
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In the case of sterile neutrinos one also needs to consider the impact of the near
detector measurements on the extraction of the experimentally measurable proba-
bility. In this work we will always assume that the oscillations due to the additional
heavy states are averaged out at the far detector. However, this might not be the
case at the near detector. Ideally, both sets of observables should be simulated and
analyzed together consistently. Nevertheless, the following simplified limiting cases
can be identified:
1. The light-heavy oscillations are averaged out already at the near detector. For
practical purposes, the oscillation phenomenology in this case is identical to
the non-unitarity case and Eq. (4.7) also applies. For the experimental setup
of DUNE, that will be studied as an example of these effects in Section 4.5,
with a peak neutrino energy of ∼ 2.5 GeV and a near detector distance of
∼ 0.5 km, this is the case when ∆m2 & 100 eV2.
2. The light-heavy oscillations have not yet developed at the near detector, but
are averaged out at the far detector. In this case, the near detector would
measure the SM fluxes and cross sections, and therefore the denominator in
Eq. (4.7) would be equal to one. In this case, the experimental probability
would coincide with the “theoretical” probability in Eq. (4.5). This scenario
is the one implicitly assumed in many phenomenological studies, given the
simplicity of Eq. (4.5). However, it is typically only applicable in a very small
part of the parameter space, i.e., for very particular values of ∆m2 (which
depend on the neutrino energy and on the near and far detector baselines).
For DUNE, since the far detector baseline is 1300 km, this would be the case
only in the region 0.1 eV2 . ∆m2 < 1 eV2. This scenario will nevertheless
be explored in Sec. 4.5 to highlight its differences relative to the previous one,
which is applicable in a larger fraction of the ∆m2 parameter space.
3. The oscillation frequency dictated by the light-heavy frequency matches the
near detector distance. In this case, oscillations could be seen at the near
detector as a function of neutrino energy, leading to more striking signals. At
DUNE, this regime is matched for values of ∆m2 in the range presently favoured
by the LSND/MiniBooNE [216,217] and reactor anomalies [218,219] (see [220–
222] for recent reviews). This regime at DUNE has been already analized (see
for instance Ref. [223]). The sensitivity to this part of the parameter space will
be dominated by the dedicated experiments built to explore these anomalies,
such as the Fermilab short-baseline neutrino program [224], leaving little room
for their averaged-out effects to be observed at the far detectors in long-baseline
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oscillation experiments. Therefore, this scenario will not be discussed further.
4.2 Parametrizations
The two most widely used parametrizations to encode these non-unitarity effects
stemming from the heavy-active mixing are
N = (I − η)U ′ or N = TU = (I − α)U, (4.14)
where η is a Hermitian matrix [102, 103] and T is a lower triangular matrix [161–
163, 225]. In Eq. (4.14) both U and U ′ are unitary matrices that are equivalent to
the standard PMNS matrix up to small corrections proportional to the deviations
encoded in η and α.
η =

ηee ηeµ ηeτ
η∗eµ ηµµ ηµτ
η∗eτ η
∗
µτ ηττ
 , α = (1− T ) =

αee 0 0
αµe αµµ 0
ατe ατµ αττ
 (4.15)
with ηαβ, ααβ  1. Note that we choose to label the α matrix elements with flavour
indices for notation ease instead of using numbers as in [163]. Furthermore, in [163]
the identity matrix is not singled out from α as in our Eq. (4.15) so that the diagonal
elements αii in [163] are close to 1 instead of small. Therefore, in practice, αii →
1−ααα. These changes are only cosmetic and the following discussion applies to [163]
with the above-mentioned identification.
The deviations from unitarity are directly related to the heavy-active neu-
trino mixing. For instance, in the hermitian parametrization one can directly iden-
tify [164]
η =
ΘΘ†
2
(4.16)
where Θ = m†DM
−1 is the heavy-active mixing given by the ratio of the Dirac over
the Majorana mass scales. Thus, (1 − η) is just the first term in the cosine series
correcting the unitary rotation U ′. It is also straightforward to obtain the relation
between the heavy-active neutrino mixing and the α parameters in the triangular
parametrization, if one considers that the heavy-active mixing can also be encoded
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by introducing additional complex rotations characterized by new mixing angles θij,
with j > 3. For example,
U14 =

c14 0 0 sˆ
∗
14
0 1 0 0
0 0 1 0
−sˆ14 0 0 c14
 , (4.17)
where sˆij = e
iδijsij, sij = sin θij and cij = cos θij. In the correct order, these
extra rotations lead to a lower triangular matrix. For 3 extra neutrinos we can
use U36U26U16U35U25U15U34U24U14 (where we have not included unphysical rotations
among the sterile neutrinos), leading to [161]:
α '

1
2
(s214 + s
2
15 + s
2
16) 0 0
sˆ14sˆ
∗
24 + sˆ15sˆ
∗
25 + sˆ16sˆ
∗
26
1
2
(s224 + s
2
25 + s
2
26) 0
sˆ14sˆ
∗
34 + sˆ15sˆ
∗
35 + sˆ16sˆ
∗
36 sˆ24sˆ
∗
34 + sˆ25sˆ
∗
35 + sˆ26sˆ
∗
36
1
2
(s234 + s
2
35 + s
2
36)
 ,
(4.18)
which is accurate to second order in the (small) extra mixing angles.
In principle, the two parametrizations should be equally valid. However, the
alternative use of each of them seemingly leads to inconsistent results. As an illus-
trative example, let us compare the νµ disappearance probability in the atmospheric
regime in the two parametrizations, obtained at linear order in the non-unitarity
parameters and for θ13 = ∆21 = 0
Pηµµ = 1−
{
sin2 2θ′23 − 2Re[ηµτ ] sin 4θ′23
}
sin2 ∆31,
Pαµµ = 1− sin2 2θ23 sin2 ∆31, (4.19)
where ∆ij = ∆m
2
ijL/4E. Here, Pαβ denotes the “experimental” oscillation probabil-
ity in vacuum including the normalization factors as discussed in Sec. 4.1.
The naive conclusion derived from Eq. (4.19) is that for the Hermitian parametriza-
tion good sensitivity to the non-unitarity parameter ηµτ is expected in this channel,
since it appears at linear order. Conversely, the triangular parametrization does not
show this effect. This apparent inconsistency stems from the fact that the unitary
matrices U and U ′ are, in fact, different. This is the case even though these ma-
trices are traditionally identified with the standard unitary PMNS matrix in each
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parametrization. However, this identification is only accurate up to the small cor-
rections stemming from the deviations from unitarity. As we will show below, the
differences between the two are indeed linear in the non-unitarity parameters, and the
two matrices can be easily related to each other. The relevant question is therefore
which of these matrices, if any, that more closely matches the one that is determined
through the present neutrino oscillation data. Starting from Eq. (4.14) a unitary
rotation V can be performed to relate U and U ′
N = (I − α)U = (I − η)V V †U ′ (4.20)
and therefore
I − α = (I − η)V and U = V †U ′. (4.21)
From the first relation in Eq. (4.21) the elements of V can be identified as
V = I −

0 −ηeµ −ηeτ
η∗eµ 0 −ηµτ
η∗eτ η
∗
µτ 0
 (4.22)
at linear order in η. Substituting again in Eq. (4.21) the relations
αee 0 0
αµe αµµ 0
ατe ατµ αττ
 =

ηee 0 0
2η∗eµ ηµµ 0
2η∗eτ 2η
∗
µτ ηττ
 (4.23)
and
U = V †U ′ =
I +

0 −ηeµ −ηeτ
η∗eµ 0 −ηµτ
η∗eτ η
∗
µτ 0

U ′ (4.24)
are found. This implies the following mapping between the two sets of mixing angles3
3Note that, apart from correcting the PMNS mixing angles and CP-phase δCP at order η, phase
redefinitions of the three charged leptons as well as corrections to the two neutrino Majorana phases
are necessary at the same order.
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in U ′ and U :
θ12 − θ′12 =
Re(s23ηeτ − c23ηeµ)
c13
,
θ13 − θ′13 = Re(−s23eiδCPηeµ − c23eiδCPηeτ ),
θ23 − θ′23 = −Re(ηµτ ) + tan θ13 Re
(
c23e
iδCPηeµ − s23eiδCPηeτ
)
,
δCP − δ′CP =
cos 2θ12
s12c12c13
Im (s23ηeτ − c23ηeµ) + 1
s13c13
Im
(
s23e
iδCPηeµ + c23e
iδCPηeτ
)
− tan θ13
s23c23
Im
(
c323e
iδCPηeµ + s
3
23e
iδCPηeτ +
ηµτ
tan θ13
)
.
(4.25)
When the relations given in Eqs. 4.23 and 4.25 are taken into account the predictions
for the different oscillation channels coincide at leading order in the non-unitarity
parameters, as they should. An important conclusion derived from this is that the
determination of the mixing angles themselves will generally be affected by non-
unitarity corrections. However, the size of these corrections is, at present, negligible
compared to the current uncertainties on the determination of the mixing angles
themselves. These corrections are parametrization-dependent but, when taken into
account and propagated consistently, the predictions derived from both schemes
agree.
For neutrino oscillation studies it seems advantageous to adopt the triangular
parametrization, since it leads to fewer corrections given its structure. For instance,
in the example shown in Eq. (4.19) there are no corrections coming from non-unitarity
for this parametrization, and thus the angle θ23 in U can be identified with the
angle determined in present global fits to a good approximation. Indeed, this is also
the case for θ12 and θ13, since the Pee oscillation probabilities in the solar regime
(KamLAND) and in the atmospheric regime (Daya Bay, RENO, Double-Chooz) are
also independent of any non-unitarity corrections at linear order when the triangular
parametrization is considered and when the appropriate normalization is taken into
account, see Sec. 4.1.
Thus, the U matrix from the triangular parametrization corresponds, to a good
approximation, with the unitary matrix obtained when determining θ12, θ23 and
θ13 through present (disappearance) neutrino oscillation measurements. Since we
are here interested in the impact of non-unitarity and sterile neutrinos on neutrino
oscillation phenomenology we will therefore use the triangular parametrization in the
remainder of this work.
As we will see in Sec. 4.5, the dependence on the diagonal non-unitarity param-
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eters αββ is particularly interesting. Indeed, when the normalization accounting for
the new physics effects at the near detector is considered, it effectively cancels any
leading order dependence on αββ in disappearance channels in vacuum. This can
be easily understood by introducing the triangular parameterization in Eq. (4.7).
Expanding in αδγ we obtain
Pαβ =
∣∣∣∣∣(1 + ααα − αββ) (US0U †)αβ −∑
δ 6=α
ααδ(US
0U †)δβ −
∑
δ 6=β
(US0U †)αδα∗βδ +O
(
α2
)∣∣∣∣∣
2
.
(4.26)
Therefore, when α = β the dependence on αββ cancels out. This illustrates how
relevant the role of the near detectors is regarding the sensitivity to the new physics
parameters.
4.3 Non-Standard Interactions
Both types of new physics effects in neutrino oscillations discussed above can be de-
scribed through the Non-Standard Interaction (NSI) formalism, which parametrizes
the new physics effects in neutrino production, detection, and propagation processes
in a completely model-independent way. Let us first focus on NSI affecting neutrino
production and detection. When these effects are included, the oscillation probability
is given by
Pαβ = |
[
(1 + d)US0U †(1 + s)
]
βα
|2, (4.27)
where s and d are general 3 × 3 complex matrices which represent the NSI mod-
ifications to the production and detection diagrams, respectively. S0 is defined in
Eq. (4.4) with the Hamiltonian H given in Eq. (4.2). The non-unitarity (Eq. (4.5))
and averaged-out sterile neutrino (Eq. (4.10)) effects at production and detection
can be mapped to the NSI formalism (Eq. (4.27)) with the identification
s∗βα = 
d
αβ = −ααβ. (4.28)
This mapping can be easily obtained just considering the triangular parameteriza-
tion, which can be applied in both the non-unitarity and averaged-out sterile neutrino
cases, in Eqs. (4.5) or (4.10) and comparing the result to Eq. (4.27).
On the other hand, NSI affecting neutrino propagation are usually described
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through the Hamiltonian
H =
1
2E

0 0 0
0 ∆m221 0
0 0 ∆m231
+ VCC U †

1 + ee eµ eτ
∗eµ µµ µτ
∗eτ 
∗
µτ ττ
U, (4.29)
in the mass basis, where U is the standard unitary PMNS matrix, and αβ and
αα are complex and real parameters respectively. In order to understand how the
non-unitarity/averaged-out sterile neutrino corrected matter effects can be trans-
lated to this parametrization, we introduce the triangular parameterization of N
into Eq. (4.2), obtaining the following Hamiltonian at leading order in α
H =
1
2E

0 0 0
0 ∆m221 0
0 0 ∆m231
+ VCC2 U †

2− 2αee α∗µe α∗τe
αµe 2αµµ α
∗
τµ
ατe ατµ 2αττ
U, (4.30)
where approximately equal densities of electrons ne and neutrons nn (for the neutral
current contribution) in the Earth have been assumed (see also Ref. [112]). Com-
paring Eqs. (4.30) and (4.29) we find the mapping between the NSI parametrization
and the lower triangular parametrization of the non-unitarity and sterile neutrino
scenarios
ee = −αee, µµ = αµµ, ττ = αττ ,
eµ =
1
2
α∗µe, eτ =
1
2
α∗τe, µτ =
1
2
α∗τµ, (4.31)
which apply for neutrino oscillation experiments in the Earth with constant matter.
Note that, in presence of production and detection NSI, the same normalization as for
the non-unitarity case discussed in Section 4.1 needs to be taken into account.
4.4 Present constraints on deviations from unitar-
ity
The mapping to NSI described above works both for the non-unitarity and the aver-
aged out sterile neutrino contributions to neutrino oscillations. However, the present
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constraints on each of these contributions from other observables are very different.
Indeed, PMNS non-unitarity from very heavy extra neutrinos induces modifications
of the W and Z couplings that impact precision electroweak and flavour observ-
ables [66,79,104–114,116–118]. These modification translate into very strong upper
limits on the α parameters. These have been taken from Ref. [79] and are listed in
the left column in Table 4.1. The second number quoted in parenthesis for the αµe
element includes the µ → eγ observable, which can in principle be evaded [226] for
heavy neutrino masses close to MW and some fine-tuning of the parameters. In this
case, the quoted bound is derived from the constraints on the diagonal parameters,
through Eq. (4.18).
However, for sterile neutrinos with masses below the electroweak scale these
stringent constraints are lost, since all mass eigenstates are kinematically available
in the observables used to derive the constraints and unitarity is therefore restored. If
the masses of the extra states are in the MeV or GeV range, even stronger constraints
can be derived from direct searches at beam-dump experiments as well as from meson
and beta decays [170–172]. On the other hand, for masses below the keV scale even
the beta decay searches are no longer sensitive, and the only applicable bounds are
the much milder constraints stemming from the non-observation of their effects in
neutrino oscillation experiments [165, 220, 232]. The sensitivity, or lack thereof, of
oscillation experiments to sterile neutrino mixing will depend on the actual value
of the sterile neutrino mass, which determines if the corresponding ∆m2 leads to
oscillations for the energy and baseline that characterize the experimental setup. As
∆m2 increases, there will be a point at which the sterile neutrino oscillations enter the
averaged-out regime. Once oscillations are averaged-out, the constraints derived will
become independent of ∆m2 and apply to arbitrarily large values of ∆m2. Limits
derived in this regime are summarized in in the middle column of Table 4.1 and
apply as long as ∆m2 > 100 eV2. They are thus relevant when the sterile neutrino
oscillations are in the averaged out regime for both the near and far detectors of the
DUNE experiment. Some of these constraints also apply for values of ∆m2 smaller
than 100 eV2. For a more comprehensive breakdown of the available constraints and
their ranges of applicability, we refer the interested reader to Appendix B.
Even though the case in which the sterile neutrino oscillations are undeveloped
at the near detector, but averaged-out at the far, applies to a significantly smaller
fraction of the parameter space, we find it instructive to analyze this scenario as well,
since it leads to very different phenomenology and sensitivities, as will be discussed
in Section 4.5. For the case of DUNE, this scenario requires ∆m2 ∼ 0.1− 1 eV2 and
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“Non-Unitarity” “Light steriles”
(m > EW) ∆m2 & 100 eV2 ∆m2 ∼ 0.1− 1 eV2
αee 1.3 · 10−3 [79] 2.4 · 10−2 [227] 1.0 · 10−2 [227]
αµµ 2.2 · 10−4 [79] 2.2 · 10−2 [228] 1.4 · 10−2 [229]
αττ 2.8 · 10−3 [79] 1.0 · 10−1 [228] 1.0 · 10−1 [228]
|αµe| 6.8 · 10−4 (2.4 · 10−5) [79] 2.5 · 10−2 [230] 1.7 · 10−2
|ατe| 2.7 · 10−3 [79] 6.9 · 10−2 4.5 · 10−2
|ατµ| 1.2 · 10−3 [79] 1.2 · 10−2 [231] 5.3 · 10−2
Table 4.1: Current upper bounds on the α parameters in the scenarios considered
in this work. The limits are shown at 2σ and 95% CL (1 d.o.f.) for the non-unitarity
and light sterile neutrino scenarios. The bounds in the middle column apply for
∆m2 & 100 eV2 and will thus be relevant when the sterile neutrino oscillations are
in the averaged-out regimes for both the near and far detectors of most long-baseline
experiments. The bounds in the right column apply for ∆m2 ∼ 0.1 − 1 eV2 and
will thus be relevant when the sterile neutrino oscillations are in the averaged-out
regime for the far detector, but not for the near detector. The second number
quoted in parenthesis for the αµe element includes the µ → eγ observable, which
can in principle be evaded [226] , see main text for details. The numbers for the
off-diagonal parameters without a reference are obtained indirectly from constraints
on the diagonal parameters via ααβ ≤ 2√ααααββ (see Eq. (4.18)). See Appendix B
for further details.
the corresponding constraints have been compiled in the right column of Table 4.1.
Notice that in this range of ∆m2 most constraints come from experiments that
would not have reached the averaged-out regime but would rather have oscillations
well-matched to their energies and baselines. Thus, the corresponding constraints
in this regime oscillate significantly and the value quoted in the table is the most
conservative available in that range.
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4.5 DUNE sensitivities
In this section we present, as an example, the sensitivities that the proposed DUNE
experiment would have to PMNS non-unitarity or, equivalently, to averaged-out ster-
ile neutrino oscillations as discussed in Section 4.1. For this analysis we choose the
triangular parametrization of the new physics effects since, as argued in Section 4.2,
its unitary part can be more directly mapped to the “standard” PMNS matrix as
determined by present experiments through neutrino oscillation disappearance chan-
nels. Indeed, production and detection new physics effects in a given channel Pαβ
only depend on the elements αγρ such that γ, ρ ≤ α or γ, ρ ≤ β when the flavour
indices are ordered as e < µ < τ [163]. Furthermore, when the new physics affects
the near and far detectors in the same manner, the normalization of the oscillation
probabilities presented in Eq. (4.7) has to be applied, which effectively cancels any
leading order dependence on the new physics parameters αββ in disappearance chan-
nels in vacuum (see Eq. (4.26)). The choice of the facility under study is motivated by
the strong matter effects that characterize the DUNE setup and that allow to probe
not only the source and detector effects induced by the new physics, but also the
matter effects which now provide sensitivity to other αγρ parameters not necessarily
satisfying γ, ρ ≤ α or γ, ρ ≤ β.
The simulation of the DUNE setup was performed with the GLoBES soft-
ware [233, 234] using the DUNE CDR configuration presented in Ref. [235]. The
new physics effects have been implemented in GLoBES via the MonteCUBES [208]4
plug-in, which has also been used to perform a Markov chain Monte Carlo (MCMC)
scan of the 15-dimensional parameter space (the 6 standard oscillation parameters
plus the 6 moduli of the αγρ non-zero entries and the 3 phases of the off-diagonal
elements). In the fit, the assumed true values for the standard oscillation parame-
ters are set according to their current best-fits from Ref. [127]. The mixing angles
and squared-mass splittings are allowed to vary in the simulations, using a Gaussian
prior corresponding to their current experimental uncertainties from Ref. [127] cen-
tered around their true values. In the case of θ13 and θ23 the Gaussian priors are
implemented on sin2 2θ, which is a more accurate description of the present situa-
tion and, in the case of θ23, allows to properly account for the octant degeneracy:
∆m221 = (7.50±0.18)·10−5 eV2, ∆m231 = (2.457±0.049)·10−3 eV2, θ12 = 33.48◦±0.77◦,
sin2 2θ13 = 0.085± 0.005, sin2 2θ23 = 0.991± 0.02. Notice that, as described in Sec-
4A new version of the MonteCUBES software implementing the triangular parametrization is
available.
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tion 4.2, the use of the triangular parametrization allows a direct mapping of the
present measurements to the elements of the U matrix. Nevertheless, the present
uncertainties adopted in this analysis are still large enough that any correction due
to non-unitarity is negligible. The CP-violating phase is left completely free during
the simulations, and its true value is set to δCP = −pi/2. Finally, a 2 % uncertainty
in the PREM matter density profile [236] has also been considered.
We have performed simulations for two distinct new physics scenarios. In
the first case (ND averaged) we normalize the oscillation probabilities according
to Eq. (4.7). Indeed, as discussed in Section 4.1, at leading order in the new physics
parameters this scenario accurately describes both the effects of PMNS non-unitarity
from very heavy neutrinos as well as sterile neutrino oscillations that have been av-
eraged out both at the near detector (ND) and far detector. For the DUNE setup,
the requirement for having averaged-out oscillations at the near detector translates
to the condition ∆m2 > few 100 eV2. The second scenario (ND undeveloped) would
correspond to the case where sterile neutrino oscillations are averaged out at the
far detector but have not yet developed at the near detector. In this case, no extra
normalization is needed and the oscillation probability is directly given by Eq. (4.5).
Note that, for the energies and baseline characterizing the DUNE setup, only values
of the sterile neutrino masses around ∆m2 ∼ 0.1− 1 eV2 roughly satisfy these con-
ditions. However, we find it instructive to study also this regime in order to remark
the differences between the two scenarios and the importance of the normalization
in Eq. (4.7) that will generally apply in most of the parameter space.
Figures 4.1 and 4.2 show the expected sensitivities to the new physics parame-
ters. These have been obtained by assuming that the true values of all α entries are
zero to obtain the corresponding expected number of events, and fitting for the cor-
responding parameters while marginalizing over all other standard and new physics
parameters. The resulting frequentist allowed regions are shown at at 1σ, 90%, and
2σ C.L.
The sensitivities obtained for all parameters fall at least one order of mag-
nitude short of the current bounds on the non-unitarity from heavy neutrino sce-
nario presented in Tab. 4.1. Thus, the standard three-family oscillations explored
at DUNE (and the other present and near-future oscillation facilities) will be free
from the possible ambiguities that could otherwise be induced by this type of new
physics [166, 167, 237, 238]. While these bounds on non-unitarity are too strong
for these effects to be probed at present and near-future facilities a Neutrino Fac-
tory [168, 169] could be precise enough to explore these effects [103, 164, 239]. The
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Figure 4.1: Expected frequentist allowed regions at the 1σ, 90% and 2σ C.L. for
DUNE. All new physics parameters are assumed to be zero so as to obtain the
expected sensitivities. The left panels (ND averaged) correspond to the non-unitarity
case, or to the sterile case when the light-heavy oscillations are averaged out in the
near and far detectors. The right panels (ND undeveloped) give the sensitivity for
the sterile case when the light-heavy oscillations have not yet developed in the near
detector, but are averaged out in the far. The solid lines correspond to the analysis
of DUNE data alone, while the dashed lines include the present constraints on sterile
neutrino mixing from the middle and right columns in Tab. 4.1 for the NS averaged
and ND undeveloped scenarios respectively.
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situation is slightly different if the results are interpreted in terms of an averaged-out
sterile neutrino, since present constraints are weaker in this case. We will therefore
focus on this scenario for the rest of our discussion and also study the case in which
DUNE data is complemented by our present prior constraints on the sterile neutrino
mixing (middle and right columns of Tab. 4.1 for the ND averaged and undeveloped
scenarios respectively), since synergies between the data sets may be present. This
case is depicted with dashed lines in Figs. 4.1 and 4.2. As an example of such syn-
ergy, the sensitivity to the real part of ατµ improves for the ND undeveloped scenario
through the combination of DUNE data and the present priors with respect to both
datasets independently. Indeed, the prior on its own would give the same bound
for the real an imaginary parts (as for the ND averaged case in the left panel) and
its value roughly corresponds to the constraint obtained for the the imaginary part
of ατµ, while the sensitivity to the real part does improve through the combination
with DUNE.
Another conclusion that can be drawn from Fig. 4.1 is that the sensitivities
to the diagonal parameters αee and αµµ are significantly stronger for the ND unde-
veloped (right panels) as compared to the ND averaged scenario (left panels). This
was to be expected since the source and detection effects that provide a leading or-
der sensitivity to the diagonal parameters are totally or partially cancelled once the
normalization of Eq. (4.7) is included (see Eq. (4.26)). In the disappearance channel
both effects cancel in the ratio, while for the appearance channel there is a par-
tial cancellation that only allows the experiment to be sensitive to the combination
αee − αµµ. This leads to a pronounced correlation among αee and αµµ, seen in the
upper left panel of Fig. 4.1.
From a phenomenological point of view we observe that, if both near and far
detectors are affected by the new physics in the same way (as is the case when the
sterile neutrino oscillations are averaged out at both detectors, or in the non-unitarity
scenario) their effects are more difficult to observe since they cannot be disentangled
from the flux and cross section determination at the near detector. Conversely, in the
case in which sterile neutrino oscillations have not yet developed at the near detector
but are averaged out at the far, the flux determined by both detectors will have a
different normalization. Thus, a strong linear sensitivity to αee and αµµ is obtained
from detector and source effects respectively, although there is no improvement over
present constraints.
Fig. 4.1 also shows strong correlations in the middle left panel, involving αττ
and αee. Indeed, sensitivity to αττ comes through the matter effects, which only
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depend on the diagonal entries through their differences αββ − αγγ, since a global
term of the form of αγγI does not affect neutrino oscillations at leading order in α.
In these panels we also observe a large difference between the allowed regions for αττ
once prior constraints on the α parameters are included in the analysis, by comparing
the solid and dashed lines. This is due to the lifting of degeneracies involving θ23
and the combination αττ − αµµ, and will be discussed in more detail below.
Interesting correlations and degeneracies among the standard and new physics
parameters can indeed take place in the averaged-out sterile neutrino scenario [232,
240–242]. In our results, even though the true values of the α parameters were set
to zero, some very interesting correlations and degeneracies among θ23 and the new
physics parameters have been recovered. These are shown in Fig. 4.2, and have been
noticed in the context of NSI5 in Refs. [243–246] (for other works on degeneracies
among standard and non-standard parameters in DUNE see e.g., Refs. [247–250]).
The first degeneracy appears for the wrong octant of θ23, which would otherwise be
correctly determined by the interplay between the appearance and disappearance
channels at DUNE (see e.g., Ref. [251]). We have checked that this degeneracy is
characterized by non zero values of ατe with a non-trivial phase around pi. At the
same time, positive values of αµµ − αττ are slightly preferred. From Ref. [246] this
degeneracy was expected for the phase of φτe = arg(ατe) ∼ pi since δCP = −pi/2 and
strong correlations between these two parameters are required in order to reproduce
this degeneracy. Note that this degeneracy is partially lifted in the ND undeveloped
scenario (right panels). Indeed, the strong sensitivity that this scenario presents to
αµµ translates into very stringent bounds that do not allow the preferred positive
values of αµµ−αττ seen in the left panels for the ND averaged case since the diagonal
elements of α are positive (see Eq. (4.18)). Upon the inclusion of prior constraints
this degeneracy is lifted in both scenarios.
Interestingly, the second degeneracy involves values of θ23 ∼ pi/4, so that it
could potentially compromise the capabilities of DUNE to determine the maximality
of this mixing angle. This degeneracy takes place for αµµ − αττ ∼ −0.6, and large
values of αµe and ατe are also needed. Fortunately, present constraints on these pa-
rameters are already strong enough to also rule out this possibility (see Tab. 4.1),
so that a clean determination of the maximality of θ23 should be possible at DUNE.
Moreover, when the current bound on ατe from the right column in Tab. 4.1 is added
as prior to the simulations, the sensitivity to αµe is increased slightly beyond the
present prior and the allowed region around θ23 ∼ pi/4 is ruled out. This exam-
5Note the correspondence between NSI, steriles, and non-unitarity presented in Section 4.3.
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Figure 4.2: Expected frequentist allowed regions at the 1σ, 90% and 2σ CL for
DUNE. All new physics parameters are assumed to be zero so as to obtain the
expected sensitivities. The left panels (ND averaged) correspond to the non-unitarity
case, or to the sterile case when the light-heavy oscillations are averaged out in the
near and far detectors. The right panels (ND undeveloped) give the sensitivity for
the sterile case when the light-heavy oscillations have not yet developed in the near
detector, but are averaged out in the far. The solid lines correspond to the analysis
of DUNE data alone, while the dashed lines include the present constraints on sterile
neutrino mixing from the middle and right columns in Tab. 4.1 for the ND averaged
and ND undeveloped scenarios respectively.
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ple shows explicitly the complementarity between current constraints and DUNE
sensitivities.
All in all, we find that, upon solving the degeneracies through the inclusion
of present priors, DUNE’s sensitivity would slightly improve upon the present con-
straints on αµe in the ND averaged case as well as the real part of ατµ for the
ND undeveloped scenario. While the potential improvement over present bounds is
marginal, this also implies that, at the confidence levels studied in this work, the
sensitivities to the standard three neutrino oscillations are rather robust and not
significantly compromised by the new physics investigated here.
4.6 Conclusions
The simplest and most natural extension of the Standard Model that can account for
our present evidence for neutrino masses and mixings is the addition of right-handed
neutrinos to the Standard Model (SM) particle content. Gauge and Lorentz invari-
ance then imply the possible existence of a Majorana mass for these new particles at
a scale to be determined by observations. In this work we have studied the impact
that two limiting regimes for this new physics scale can have in neutrino oscillation
experiments. For very high Majorana masses, beyond the kinematic reach of our
experiments, the imprint of these new degrees of freedom at low energies takes the
form of unitarity deviations of the PMNS mixing matrix. In the opposite limit, for
small Majorana masses, these extra sterile neutrinos are produced and can partici-
pate in neutrino oscillations. However, it should be kept in mind that the neutrino
oscillation phenomenology discussed here applies also to other types of new physics
that could induce unitarity deviations for the PMNS mixing matrix. This includes
any model in which heavy fermions mix with the SM neutrinos or charged leptons,
as for instance the type-I/type-III seesaw, Left-Right symmetric models, and models
with kinematically accessible sterile neutrinos in the averaged-out regime.
Despite being sourced by different underlying physics, we have seen that, when
the sterile neutrino oscillations are averaged out (and at leading order in the small
heavy-active mixing angles) both limits lead to the same modifications in the neutrino
oscillation probabilities. Namely, a modification of the interactions in the source
and detector which implies short-distance effects as well as modified matter effects
which, contrary to the standard scenario, also involve neutral current interactions.
However, the present constraints that apply to these two scenarios are very different.
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Indeed, PMNS non-unitarity is bounded at the per mille level, or even better for
some elements, through precision electroweak and flavour observables, while sterile
neutrino mixing in the averaged-out regime is allowed at the percent level since it can
only be probed via oscillation experiments themselves. Thus, PMNS non-unitarity
can have no impact in present or near-future oscillation facilities while sterile neutrino
mixing could potentially be discovered by them.
We have also noted apparently conflicting results depending on the parametriza-
tion used to encode these new physics effects. The source of this apparent incon-
sistency was found to be the different quantities that are commonly identified with
the standard PMNS matrix in each parametrization. The conflict was solved by
providing a mapping between the two sets of parameters and by identifying the
parametrization for which these PMNS parameters correspond to what is determined
experimentally.
The role of the near detector was also explored in depth. Indeed, since present
and near future oscillation experiments constrain their fluxes and detection cross
sections using near detector data it is important to consider if the new physics affects
the near and far detector measurements in the same way. If this is the case, the
source and detector short-distance effects cancel to a large extent, since there is no
additional handle to separate them from flux and cross-section uncertainties. This is
always the case in the non-unitarity scenario and when sterile neutrino oscillations
are averaged out both at the near and far detectors. Conversely, if sterile neutrino
oscillations have not developed yet at the near detector, the determination of the
flux and cross section is free from new physics ambiguities and, when compared with
the far detector data, a greater sensitivity to the flavour-conserving new physics
effects is obtained. This crucial difference is sometimes overlooked in the present
literature. Finally we also provided a mapping of these new physics effects in the
popular non-standard interaction (NSI) formalism.
These effects were exemplified through numerical simulations of the proposed
DUNE neutrino oscillation experiment. Our simulations confirm that PMNS non-
unitarity is indeed beyond the reach of high precision experiments such as DUNE,
but that sterile neutrino oscillations could manifest in several possible interesting
ways. Indeed, degeneracies between θ23 and the new physics parameters, previously
identified in the context of NSI, have been found in our simulations. These de-
generacies could potentially compromise the capability of DUNE to determine the
maximality of θ23 as well as its ability to discern its correct octant. We find that cur-
rent bounds on the new physics parameters are able to lift the degeneracies around
114 CHAPTER 4. TESTING NU AT DUNE
θ23 ∼ pi/4.
Through these simulations the importance of correctly accounting for the im-
pact of the near detector was made evident. Indeed, a very significant increase in
the sensitivity to the new physics parameters was found for the case in which the
near detector is not affected in the same way as the far. This would be the case of
sterile neutrino oscillations that are undeveloped at the near detector but averaged
out at the far. However, the parameter space for this situation to take place is rather
small (for ∆m2 ∼ 0.1− 1 eV2). The most common situation would rather be that in
which sterile neutrino oscillations are averaged out at both near and far detectors.
However, this fact has been usually overlooked in previous literature.
The origin of neutrino masses remains one of our best windows to explore
the new physics underlying the open problems of the SM. Its simplest extension to
accommodate neutrino masses and mixings offers a multitude of phenomenological
consequences that vary depending of the new physics scale introduced and that
should be thoroughly explored by future searches. In this work, we have explored
the impact of these new physics in neutrino oscillation phenomena. We have found
that neutrino oscillation facilities are best suited to probe the lightest new physics
scales, i.e., kinematically accessible sterile neutrinos.
Conclusions and Outlook
Despite the remarkable agreement between a wide range of SM predictions and their
experimental measurements, the SM has to be extended in order to explain some
phenomena that cannot be understood within this model. A very significant example
is the overwhelming experimental evidence from the neutrino oscillation phenomena
supporting the existence of neutrino masses and mixings, which are absent in the SM.
A simple and natural extension, given its symmetry to the quark and charged lepton
sectors, to account for neutrino masses is to introduce right-handed neutrinos in
the particle content of the SM. Since these extra right-handed neutrinos are singlets
under the SM gauge group, a Majorana mass term for these fermions is therefore
allowed in the Lagrangian. However, this new mass scale is not related to the Higgs
mechanism, and thus no guidance from theoretical grounds exists.
One possibility is that this Majorana scale is above the EW scale but in the 100
GeV-TeV range. Then, the masses of the left-handed neutrinos arise in a simple way
after ESB through the Weinberg operator in a low scale SM-Seesaw. In this situation,
the presence of the new degrees of freedom will induce deviations from unitarity in
the leptonic mixing matrix that appears in the charged current interactions. Thus,
processes mediated by the weak currents would be modified, and therefore precision
measurements of electroweak and flavor observables become a powerful tool to probe
for the existence of heavy Majorana neutrinos.
Following this idea, a global fit to the most complete and updated stringent
set of electroweak and flavour observables to constrain the mixing of the extra heavy
right-handed neutrinos in a model independent way has been performed in this thesis.
On the other hand, at some level, the addition of right-handed neutrinos will also
impact neutrino oscillation searches. Therefore, the expected sensitivities of new
generation of neutrino oscillation experiments to probe for this New Physics have
been analyzed in detail as part of this thesis.
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In the following, the main results and conclusions extracted from the present
thesis are summarized.
• The most general, updated and comprehensive constraints on the mixing of
heavy Seesaw neutrinos with the charged fermions of the SM have been derived
through a global fit to precision EW observables, LFV searches and probes
on weak lepton universality. These bounds have been computed both for a
completely model independent scenario, as well as for the case in which only
three extra heavy states are considered, and thus they apply to any extension of
the SM with Majorana masses above the EW scale. In the G-SS scenario, at the
1−2σ level, a mild preference for non-zero mixing in the e and τ sectors of 0.031
and 0.044, respectively, has been found. While at the 2σ level upper bounds
of ∼ O(10−2) for the diagonal mixing have been derived. Concerning the off-
diagonal elements, µ → eγ sets the most stringent constraint of ∼ O(10−3)
on the mixing in the e − µ sector, while the e − τ and µ − τ sectors get an
stronger indirect constrain of the percent level from the diagonal bounds via
the Schwarz inequality. In the 3N-SS scenario, similar bounds are obtained for
all the mixings, the only exception occurring for the µ sector where a stronger
constraint of ∼ O(10−4) is found due to µ→ eγ and the fact that in this more
constrained scenario the Schwarz inequality is turned to an equality.
• The impact of loop level corrections when deriving bounds on the Seesaw mix-
ing in the scenario with three extra right-handed neutrinos has been studied.
The main conclusions are that loop level corrections are only relevant in a
small fraction of the Seesaw parameter space, characterized by large Yukawa
couplings and a low Seesaw scale, and that these corrections tend to strengthen
the tree level contributions unless large deviations from B − L are present. If
B−L is mildly broken, regions of the parameter space where these contributions
from loops are negligible are therefore preferred by data. On the other hand, if
B−L is strongly violated, loop corrections could play a crucial role. However,
these large violations of B−L at loop level also lead to excessive contributions
to the light neutrino masses, and hence this possibility is ruled out. Therefore,
loop corrections can safely be neglected in the analysis of the heavy neutrino
mixings in Seesaw mechanisms, and therefore the derived bounds in Chapter 2
of the 3N-SS scenario still apply when 1-loop corrections are considered.
• The imprints on neutrino oscillation experiments coming form the addition of
right-handed neutrinos to the SM particle content have been studied, taking
the DUNE proposal experiment as a benchmark for the discussion of the ex-
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pected sensitivities. Two different limits have been analyzed, when the light
sterile neutrinos are kinematically accessible in the experiments (bellow the pi
mass) and when, due to their large mass, the only effect on the oscillations
comes from the non-unitarity of the mixing matrix. When the sterile neutrino
oscillations are too fast to be resolved (averaged out regime) it has been shown
that both limits lead to the same modifications in the neutrino oscillation prob-
abilities (at leading order in the small heavy-active mixing angles). However,
the present constraints which apply to these two scenarios are very different.
Indeed, and as seen in Chapter 2, the non-unitarity of the PMNS matrix is
bounded at the per mille level, or even better for some elements, while the
deviations in the mixing matrix produced by sterile neutrinos in the averaged-
out regime are allowed at the percent level since it can only be probed via
oscillation experiments themselves. Thus, no impact in present or near-future
oscillation facilities from non-unitarity is expected while if the sterile neutrinos
are light enough to be produced at the source, their mixing could potentially
be discovered by neutrino oscillation experiments. Indeed, our simulations con-
firm that non-unitarity is beyond the reach of high precision experiments such
as DUNE, but that sterile neutrino oscillations could manifest in several pos-
sible interesting ways. Through these simulations the importance of correctly
accounting for the impact of the near detector was also stressed. In particular,
a very significant increase in the sensitivity to the New Physics parameters
that encode the mixing with e or µ was found for the case in which the near
detector is not affected in the same way as the far detector.
In conclusion, one of the main open problems of the SM has been addressed
in this thesis: the unknown origin of neutrino masses and their mixing with charged
leptons. Even though the regimes at very low energy and above the EW scales
have been analyzed in this present work, the Majorana neutrinos could be probed
at any scale. It will be extremely relevant to extend these studies to cover other
limits, such as neutrinos in Cosmology, searches at future colliders (FCC-ee, ILC),
or neutrino production and detection at beam-dump experiments (NA62, DUNE,
SHiP). Likewise, significant improvements on the sensitivities of LFV searches like
µ→ eee or µ−e conversion in nuclei are expected in the near future (Mu3e, COMET,
MU2e) and therefore, the studies presented in this thesis should be updated with
these sensitive results. Finally, 0νββ-decay searches are the most promising tool
to probe for the Majorana nature of the neutrinos. The quest for the origin of
neutrino masses and mixings has started, and with it the hope for progressing in the
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understanding of the underlaying fundamental theory beyond the SM.
Conclusiones y Perspectivas
A pesar de la extraordinaria concordancia entre una amplia gama de predicciones
del SM y su medida experimental, el SM debe ser extendido para explicar algunos
feno´menos que no pueden ser entendidos dentro de este modelo. Un ejemplo muy
significante es la apabullante evidencia experimental del feno´meno de oscilacio´n de
neutrinos, que sustenta la existencia de masas y mezcla de neutrinos, las cuales no
esta´n presentes en el SM. Una simple y natural extensio´n, dada su simetr´ıa con los
sectores de quarks y leptones cargados, que explica las masas de los neutrinos, es
introducir neutrinos dextro´giros en el contenido de part´ıculas del SM. Debido a que
estos neutrinos dextro´giros adicionales son singletes bajo el grupo de gauge del SM,
esta´ permitido un te´rmino de masa Majorana en el Lagrangiano. Sin embargo, esta
nueva escala de masa no esta´ relacionada con el mecanismo de Higgs; y por ello, no
existe ninguna pista sobre su valor a partir de fundamentos teo´ricos.
Una posibilidad es que esta escala de Majorana este´ por encima de la escala
EW pero en el rango de 100 GeV-TeV. Entonces, las masas de los neutrinos levo´giros
surgen de forma simple despue´s del EWSB a trave´s del operador de Weinberg en un
SM-Seesaw de baja escala. En esta situacio´n, la presencia de los nuevos grados de
libertad inducira´ desviaciones de la unitariedad de la matriz de mezcla lepto´nica que
aparece en las interacciones de CC. Entonces, los procesos mediados por las corrientes
de´biles sera´n modificados, y por lo tanto las medidas de precisio´n de observables
electrode´biles y de sabor se convierten en una herramienta potente para testar la
existencia de los neutrinos pesados de Majorana.
Siguiendo esta idea, en esta tesis se ha desarrollado un ajuste global a los
datos experimentales del conjunto ma´s completo, actualizado y dominante de obser-
vables electrode´biles y de sabor, con el fin de constren˜ir la mezcla de estos neutrinos
dextro´giros pesados adicionales de una forma independiente del modelo. Por otro
lado; en algu´n momento, la incorporacio´n de neutrinos dextro´giros tambie´n afec-
tara´ la bu´squeda de oscilaciones de neutrinos. Por ello, como parte de esta tesis se
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han analizado las sensitividades esperadas para testar esta Nueva F´ısica en futuras
generaciones de experimentos de oscilacio´n de neutrinos.
A continuacio´n se resumen los resultados mas relevantes y las conclusiones
extra´ıdas de la presente tesis
• Las cotas mas generales, actualizadas y completas, a la mezcla de los neutrinos
pesados del Seesaw con los fermiones cargados del SM han sido derivadas a
trave´s de un ajuste global a observables EW de precisio´n, bu´squedas de LFV
y tests de universalidad lepto´nica. Estas cotas han sido calculadas tanto para
un escenario completamente independiente del modelo, como para el caso en el
que u´nicamente se consideran tres estados pesados adicionales, y por lo tanto,
los resultados aplican a cualquier extensio´n del SM con masas de Majorana
por encima de la escala EW. En el escenario del G-SS, al nivel de 1 − 2σ, se
ha encontrado una ligera preferencia de mezcla no nula en los sectores del e y
del τ , con valores de 0.031 y 0.044, respectivamente. Mientras que al nivel de
2σ, se han obtenido cotas superiores a los elementos diagonales de la matriz
de mezcla de ∼ O(10−2). En cuanto a los elementos no diagonales, la cota
mas fuerte de ∼ O(10−3) en la mezcla del sector e − µ proviene de µ → eγ,
mientras que los sectores e − τ y µ − τ obtienen cotas indirectas ma´s fuertes,
del orden del por ciento, a trave´s de los elementos diagonales v´ıa la desigualdad
de Schwarz. En el escenario de 3N-SS, se han obtenido cotas similares para los
elementos de la matriz de mezcla, la u´nica excepcio´n ocurre en el sector del µ
donde se ha encontrado una cota ma´s fuerte de ∼ O(10−4), debido a µ → eγ,
y al hecho de que en este escenario ma´s constren˜ido, la desigualdad de Schwarz
se convierte en una igualdad.
• Se ha estudiado el impacto de las correcciones a nivel loop cuando se obtienen
cotas a la mezcla del Seesaw en el escenario con tres neutrinos dextro´giros
adicionales. Las principales conclusiones son, que las correcciones de los loops
u´nicamente son relevantes en una pequen˜a fraccio´n del espacio de para´metros
del Seesaw, caracterizado por acoplos de Yukawa grandes y escalas del Seesaw
bajas, y que estas correcciones tienden a hacer ma´s fuertes las contribuciones
a nivel a´rbol, a no ser que este´n presentes desviaciones de B−L muy grandes.
Cuando B − L es ligeramente rota, los datos prefieren las regiones del espacio
de para´metros en los cuales estas correcciones de los loops son despreciables.
Por otro lado, si B − L es fuertemente violada, las correcciones de los loops
pueden jugar un papel crucial. Sin embargo, estas violaciones grandes de B−L
a nivel loop tambie´n conducen a contribuciones excesivas a la masa de los
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neutrinos ligeros, y por lo tanto, esta posibilidad esta´ descartada. Por ello, las
correcciones de los loops pueden ser despreciadas de forma segura y las cotas
derivadas del escenario de 3N-SS en el Cap´ıtulo 2, siguen aplicando cuando se
consideran las correcciones a 1-loop.
• Se han estudiado las huellas en experimentos de oscilacio´n de neutrinos que
vienen de incluir neutrinos dextro´giros en el contenido de part´ıculas del SM,
tomando la propuesta del experimento de DUNE como punto de partida para
la discusio´n de las sensitividades esperadas. Dos limites distintos han sido
analizados, cuando los neutrinos ligeros son cinema´ticamente accesibles en el
experimento (por debajo de la masa del pi) y cuando, debido a sus grandes
masas, los u´nicos efectos en las oscilaciones vienen de la no unitariedad de la
matriz de mezcla. Se ha demostrado que, cuando la oscilacio´n de los neutrinos
es demasiado ra´pida para ser resulta (re´gimen de oscilaciones promediadas),
ambos l´ımites llevan a las mismas modificaciones en las probabilidades de os-
cilacio´n de los neutrinos (a primer orden en los pequen˜os a´ngulos de mezcla
neutrino pesado-activo). Sin embargo, las cotas actuales que aplican a ambos
l´ımites son muy distintas. De hecho, como se ha visto en el Cap´ıtulo 2, la no
unitariedad de la matriz PMNS esta´ acotada al nivel del por mil, o incluso
mejor para algunos elementos, mientras que las desviaciones en la matriz de
mezcla producidas por los neutrinos este´riles en el este re´gimen, esta´n per-
mitidas al nivel del por ciento y por lo tanto, podr´ıan ser testados por los
mismos experimentos de oscilaciones. Por ello, no se espera ningu´n impacto
de la no unitariedad en los experimentos de neutrinos actuales ni en los de
un futuro pro´ximo, mientras que si los neutrinos este´riles son suficientemente
ligeros como para ser producidos en la fuente, su mezcla podr´ıa ser potencial-
mente descubierta por experimentos de oscilaciones de neutrinos. De hecho,
nuestras simulaciones confirman que la no unitariedad se encuentra ma´s alla´
del alcance de experimentos de alta precisio´n tales como DUNE, pero que las
oscilaciones de neutrinos este´riles podr´ıan manifestarse de varias formas in-
teresantes. Tambie´n se ha dejado patente a trave´s de estas simulaciones, la
importancia de la correcta interpretacio´n de los datos del detector cercano. En
particular, se ha encontrado un aumento bastante significativo en la sensitivi-
dad a los para´metros de la Nueva F´ısica que codifican la mezcla con el e o con
el µ, en el caso en el que el detector cercano no se ve afectado de la misma
forma que el detector lejano.
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Para concluir, en esta tesis se ha abordado uno de los principales problemas sin
resolver del SM: el desconocido origen de las masas de los neutrinos y sus mezclas
con los leptones cargados. A pesar de que en el presente trabajo se han analizado los
reg´ımenes a muy baja escala y por encima de la escala EW, los neutrinos de Majo-
rana podr´ıan ser testados a cualquier escala. Por lo tanto, ser´ıa extremadamente re-
levante extender estos estudios para cubrir otros limites, como por ejemplo neutrinos
en Cosmolog´ıa, bu´squedas en futuros colisionadores (FCC-ee, ILC), o produccio´n y
deteccio´n de neutrinos en experimentos de blanco fijo (NA62, DUNE, SHiP). Igual-
mente, se espera que en un futuro pro´ximo (Mu3e, COMET, MU2e) mejoren las
sensitividades de bu´squedas con LFV tales como µ → eee o conversio´n µ − e en
nu´cleos, y por lo tanto, los estudios realizados en esta tesis deber´ıan ser actualiza-
dos con dichos resultados relevantes. Finalmente, las bu´squedas de desintegraciones
0νββ son la herramienta ma´s prometedora para testar la naturaleza Majorana de
los neutrinos. La bu´squeda, del origen de la masa y de la mezcla de los neutrinos
ha empezado, y con ella la esperanza de progresar en la comprensio´n de la teor´ıa
fundamental que subyace ma´s alla´ del SM.
Appendix A: One-loop
renormalization
In this Appendix we list the self-energies, counterterms and diagrams that enter in
the renormalization of the observables studied in Section 3.2.
Lepton-flavour-dependent counterterms: δCT Wα and δ
CT Z
The unrenormalized charged lepton fields l0Lα can be written in terms of the renor-
malized lˆLα ones as
l0Lα =
(
δαβ +
1
2
δZ lαβ
)
lˆLβ. (A.1)
The most general expression for the lβ → lα transition amplitude between
fermionic Dirac states can be written as follows:
Σlepαβ
(
/p
)
= /pPLΣ
L
αβ
(
p2
)
+ /pPRΣ
R
αβ
(
p2
)
+ PLΣ
D
αβ
(
p2
)
+ PRΣ
D∗
αβ
(
p2
)
, (A.2)
where ΣL = ΣL† and ΣR = ΣR†. In the physical observables only the Hermitian part
of δZ l appears and it is given by
δZ lepαβ ≡
1
2
(
δZ lαβ + δZ
l∗
βα
)
=− ΣLαβ
(
m2β
)−mβ[mβ(ΣL′αβ (m2β)+ ΣR′αβ (m2β) )+ (ΣD′αβ (m2β)+ ΣD∗′αβ (m2β) )] ,
(A.3)
with Σ′ (p2) ≡ dΣ (p2) /dp2. Therefore, the heavy neutrino contribution to δZ lep can
be obtained simply computing
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The most general expression for the lβ → lα transition amplitude between fermionic Dirac
states can be written as follows:
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where ΣL = ΣL† and ΣR = ΣR†. In the physical observables only the Hermitian part of δZ l
appears and it is given by
δZ lepαβ ≡
1
2
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δZ lαβ + δZ
l∗
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)
=− ΣLαβ
(
m2β
)−mβ[mβ(ΣL′αβ (m2β)+ ΣR′αβ (m2β) )+ (ΣD′αβ (m2β)+ ΣD∗′αβ (m2β) )] ,
(49)
with Σ′ (p2) ≡ dΣ (p2) /dp2. Therefore, the heavy neutrino contribution to δZ lep can be
obtained simply computing
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(50)
where Bi (and later Bij, Cij, Di and Dij) are the Passarino-Veltman integrals [62] using the
notation from Ref. [63].
Similarly, the unrenormalized neutrino fields ν0Lj can also be written in terms of the
renormalized ones νˆLj as
ν0Li =
(
δij +
1
2
δZνij
)
νˆLj. (51)
The transition amplitude between two Majorana states reads
Σneuij
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M
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, (52)
where ΣL = ΣR∗ and ΣM = ΣMt. In the Majorana case, the Hermitian part of δZν can be
written as
δZneuij ≡
1
2
(
δZνij + δZ
ν∗
ji
)
=− ΣLij
(
m2j
)−mj[mj(ΣL′ij (m2j)+ ΣL∗′ij (m2j) )+ (ΣM ′ij (m2j)+ ΣM∗′ij (m2j) )] . (53)
Analogously to the charged lepton case, δZneu can thus be obtained from the heavy neutrino
contribution to the neutrino self energy:
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(A.4)
where Bi (and later Bij, Cij, Di and Dij) are the Passarino-Veltman integrals [252]
using the notation from Ref. [253].
Similarly, the unrenormalized neutrino fields ν0Lj can also be written in terms
of the renormalized ones νˆLj as
ν0Li =
(
δij +
1
2
δZνij
)
νˆLj. (A.5)
The transition amplitude between two Majorana states reads
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where ΣL = ΣR∗ and ΣM = ΣMt. In the Majorana case, the Hermitian part of δZν
can be written as
δZneuij ≡
1
2
(
δZνij + δZ
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)
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(A.7)
Analogously to the charged lepton case, δZneu can thus be obtained from the heavy
neutrino contribution to the neutrino self energy:
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Finally, the lepton-flavour-dependent combinations that will correct and cancel the di-
vergences of 1-loop corrections to the vertex Wνlα and Zνν are respectively:
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Vertex interferences: VWα and VZij
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(A.8)
Finally, the lepton-flavour-dependent combinations that will correct and can-
cel the divergences of 1-loop corrections to the vertex Wνlα and Zνν are respec-
tively:
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Vertex interferences: VWα and VZij
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Finally, the lepton-flavour-dependent combinatio s that will correct and cancel the di-
vergences of 1-loop corrections to the vertex Wνlα and Zνν are respectively:
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W±µ
h, φ0
φ±
Nk
νi
l±α
= iT VWνilα ⇒
VWα ≡
∑3
i=1 T
∗
0 T
V
Wνilα∑3
i=1 |T0|2
=
α
8πs2WM
2
W
3∑
i=1
6∑
k=4
M2kUαiU
∗
αkC
∗
ki
[
C00(0, 0,M
2
h ,M
2
k ,M
2
W ) + C00(0, 0,M
2
Z ,M
2
k ,M
2
W )
]
,
(57)
23
VWα ≡
∑3
i=1 T
∗
0 T
V
Wνilα∑3
i=1 |T0|2
=
α
8pis2WM
2
W
3∑
i=1
6∑
k=4
M2kUαiU
∗
αkC
∗
ki
[
C00(0, 0,M
2
h ,M
2
k ,M
2
W ) + C00(0, 0,M
2
Z ,M
2
k ,M
2
W )
]
,
(A.11)
126 APPENDIX A
up to higher order corrections and where T0 is the corresponding tree level ampli-
tude.
up to higher order corrections and where T0 is the corresponding tree level amplitude.
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up to higher order corrections and where T0 is the corresponding tree level amplitude.
Box contribution to µ decay: Bαβ
= iTBαβ ⇒
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up to higher order corrections and where T0 is the corresponding tree level ampli-
tude.
contributi n to µ decay: Bαβ
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up to higher order corrections and where T0 is the corresponding tree level amplitude
and using the simplified notation Dij(M
2) → Dij(0, 0, 0,M2r ,M2,M2k ,M2W ). Apart
from the explicit sum over final state neutrinos in Eq. (A.13), the integral over the
phase space is to be understood in both the numerator and denominator.
Flavour-universal corrections to the gauge boson propagators:
δuniv NW and δ
univ N
Z
We label ΣWW and ΣZZ the terms proportional to g
µν in the W and Z self-energies
respectively. Notice that the SM contribution has been subtracted from the total
self-energy, as we are interested in the contribution stemming from the new extra
neutrinos.
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up to higher order corrections and where T0 is the corresponding tree level amplitude and
using the simplified notation Dij(M
2) → Dij(0, 0, 0,M2r ,M2,M2k ,M2W ). Apart from the
explicit sum over final state neutrinos in Eq. (59), the integral over the phase space is to be
understood in both the numerator and denominator.
Flavour-universal corrections to the gauge boson propagators: δuniv NW and δ
univ N
Z
We label ΣWW and ΣZZ the terms proportional to g
µν in the W and Z self-energies
respectively. Notice that the SM contribution has been subtracted from the total self-energy,
as we are interested in the contribution stemming from the new extra neutrinos.
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up to higher order corrections and where T0 is the corresponding tree level amplitude and
using the simplified notation Dij(M
2) → Dij(0, 0, 0,M2r ,M2,M2k ,M2W ). Apart from the
explicit sum over final state neutrinos in Eq. (59), the integral over the phase space is to be
understood in both the numerator and denominator.
Flavour-universal corrections to the gauge boson propagators: δuniv NW and δ
univ N
Z
We label ΣWW and ΣZZ the terms proportional to g
µν in the W and Z self-energies
respectively. Notice that the SM contribution has been subtracted from the total self-energy,
as we are interested in the contribution stemming from the new extra neutrinos.
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Notice that both in Eq. (A.14) and in Eq. (A.15) the sums run over all neutrino mass
eigenstates (heavy and light) so here Mi can represent both the heavy or the light
neutrino masses.
The oblique universal corrections to the electroweak observables can be written
as a combination of the three following independent parameters [254,255]:
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]
, (A.16)
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.(A.18)
and the renormalized self energies are given by:
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Notice that, in the on-shell renormalization scheme ΣˆNWW (M
2
W ) = Σˆ
N
ZZ (M
2
Z) =
ΣˆNZγ (0) = Σˆ
N
γγ (0) = 0. Moreover, there is no contribution to the propagator of the
photon from the extra heavy neutrinos and therefore ΣNγγ and Σˆ
N
γγ can be set to zero
in the previous equations. In addition, there is no correction to ΣZγ either, so that
ΣNZγ can be set to zero too. The universal oblique counterterms presented in Sec. 3.2
can thus be written as:
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ΣNWW (0)− ΣNWW (M2W )
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Appendix B: Current constraints
on sterile neutrinos
In this Appendix we summarize and explain in more detail the current constraints
on sterile neutrinos that arise from oscillation searches in the averaged out regime
and thus apply for arbitrarily large values of ∆m2 as well as those stemming from
electroweak and flavour precision observables. Notice that, for the latter, some of
the observables only apply above the electroweak scale [79]. Nevertheless, below this
scale, stronger constraints from direct searches are available [170–172]. Regarding
the oscillation searches, the validity of these constraints will depend on the par-
ticular configuration of the experiment used to derive it, which determines when
the averaged-out regime is reached. These constraints together with their range of
validity are listed in Table B.1.
The strongest constraints on the mixing with electrons (αee) stem from the
BUGEY-3 experiment [227]. At this experiment, oscillations enter the averaged-
out regime for ∆m2 & 4 eV2. Recent competitive constraints on this parameter by
the Daya Bay experiment [258] tend to dominate for smaller ∆m2 values and are
comparable to the bounds from BUGEY-3 [227] around ∆m2 & 0.1 eV2. In the
range ∆m2 & 0.1 − 1 eV2 the bound oscillates significantly between 3.0 · 10−3 and
1.0 ·10−2: therefore, we quote the latter more conservative bound in the right column
of Table B.1.
Current limits on the αµµ and αττ elements are dominated by the bounds
derived from the SK analysis of atmospheric neutrino oscillations [228]. These are
derived in the averaged-out regime, which in this case corresponds to ∆m2 & 0.1 eV2.
For αµµ, MINOS [229] sets stronger constraints for lower values of ∆m
2. Again, these
oscillate between 4.4 · 10−3 and 1.4 · 10−2 in the range ∆m2 & 0.1− 1 eV2. Thus, we
quote the more conservative bound in the rightmost column of Table B.1. Regarding
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Applicability range Bound
αee ∆m2 & 4 eV2 2.4 · 10−2 [227]
m > EW 1.3 · 10−3 [79]
αµµ ∆m2 & 0.1 eV2 2.2 · 10−2 [228]
m > EW 2.2 · 10−4 [79]
αττ ∆m2 & 0.1 eV2 1.0 · 10−1 [228]
m > EW 1.3 · 10−3 [79]
|αµe|
∆m2 & 4 eV2 3.2 · 10−2
∆m2 & 10 eV2 2.8 · 10−2 [256]
∆m2 & 100 eV2 2.5 · 10−2 [230]
∆m2 & 1000 eV2 2.3 · 10−2 [257]
m > EW 6.8 · 10−4 [79]
|ατe| ∆m2 & 4 eV2 6.9 · 10−2
m > EW 2.7 · 10−3 [79]
|ατµ|
∆m2 & 0.1 eV2 6.6 · 10−2
∆m2 & 100 eV2 1.2 · 10−2 [231]
m > EW 1.2 · 10−3 [79]
Table B.1: Summary of the current experimental constraints in the averaged-out
regime, applicable to sterile neutrinos above a certain mass range. The bounds on
the off-diagonal elements which do not have a reference have been obtained indirectly
from the bounds on the diagonal elements at that scale, using ααβ ≤ 2√ααααββ (see
Eq. (4.18)).
αττ , MINOS [259] has similar constraints to the ones from SK atmospherics. Stronger
limits are obtained in the global fit in Ref. [260] but only for ∆m2 = 6 eV2 and not
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in the averaged-out limit.
For the off-diagonal elements, the strongest limit for αµe stems from the null
results of appearance searches by NuTeV [257] |αeµ| < 2.3 · 10−2, valid once they
enter the averaged-out regime for ∆m2 & 1000 eV2. Nevertheless, similar bounds
from NOMAD [230] |αeµ| < 2.5 · 10−2 and KARMEN [256] |αeµ| < 2.8 · 10−2 apply
for ∆m2 & 100 eV2 and ∆m2 & 10 eV2 respectively. NOMAD [231] also gives the
most stringent constraints for ατµ, valid for ∆m
2 & 100 eV2. For ατe, the strongest
bounds are derived from those on the diagonal elements through ααβ ≤ 2√ααααββ
(see Eq. (4.18)). Finally, for very light sterile neutrinos, ∆m2 ∼ 0.1 eV2, all the direct
constraints on the off-diagonal elements from NuTeV, NOMAD and KARMEN fade
away. In this case, the strongest bounds are obtained indirectly from the diagonal
elements via ααβ ≤ 2√ααααββ.
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